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Abstract

We develop uniform inference for high-dimensional slope parameters in
threshold regression models, allowing for either cross-sectional or time series
data. We first establish oracle inequalities for prediction errors, and ¢; estima-
tion errors for the Lasso estimator of the slope parameters and the threshold
parameter, accommodating heteroskedastic non-subgaussian error terms and
non-subgaussian covariates. Next, we derive the asymptotic distribution of tests
involving an increasing number of slope parameters by debiasing (or desparsi-
fying) the Lasso estimator in cases with no threshold effect and with a fixed
threshold effect. We show that the asymptotic distributions in both cases are
the same, allowing us to perform uniform inference without specifying whether
the specification is a linear or threshold regression. Finally, we demonstrate
the consistent performance of our estimator in both cases through simulation,
and we apply the proposed estimator to analyze two empirical applications.
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1 Introduction

Consider the following threshold regression model
Y; :Xz/ﬁo—i_Xz/(SOl{Ql <7—0}+Ui7 L= 17"'7”7 (11)

where X; is a p x 1 covariate vector, and (Q; is the threshold variable determin-
ing regime switching; for example, well-developed countries may follow a different
economic growth pattern from developing countries. 7y is the unknown threshold
parameter, and U; is the error term. In this paper, we focus on uniform inference
for high-dimensional regression parameters (5o, o), allowing for p > n. The threshold
autoregression (TAR) model, with the lag of the series as the threshold variable, was
formally introduced by Tong and Lim (1980) to analyze cyclical time series data. It is
a class of non-linear time series models and is parsimonious for nonparametric model
estimation. ! ? Potter (1995) applies it to study the properties of US GNP and finds
that the response of output to shocks is asymmetric throughout different stages of
the business cycle.

Subsequently, threshold regression is utilized by Hansen (2000) to identify multiple
regimes based on a particular predetermined variable, allowing for either time series
or cross-sectional data. Since then, there has been growing interest in reanalyzing
previous empirical applications using threshold models, particularly when multiple
equilibria may exist. For example, Hansen (2000) and Lee et al. (2016) consider cross-
country economic growth behaviors initially analyzed by Durlauf and Johnson (1995);
Yu and Fan (2021) and Lee and Wang (2023) examine tipping-like behavior discussed
in Card et al. (2008); and Grennes et al. (2010), Afonso and Jalles (2013), and Chudik
et al. (2017) investigate the effect of government debt on economic growth originally
studied by Reinhart and Rogoff (2010). In this paper, we reconfirm the existence
of multiple steady states, as described by Durlauf and Johnson (1995), by showing
that some values of dy are significantly different from 0. Subsequently, we apply the
high-dimensional local projection threshold model to identify the threshold point that

defines the state of the economy and reestimate the impulse response to a military

IFor a survey paper, see Hansen (2011).
2Chan (1993) and Chan and Tsay (1998) study the limiting properties of the least square esti-
mators in the threshold autoregression model.



spending news shock in government spending and GDP, as previously examined by
Ramey and Zubairy (2018).

Additionally, variable selection is necessary to identify threshold effects. A linear
model incorporating a broader set of regressors could outperform the threshold model
with a specific set of covariates, as emphasized by Lee et al. (2016). Meanwhile,
recent advancements in data collection and processing have enabled us to analyze
high-dimensional datasets, where the number of variables may significantly exceed
the sample size. High dimensionality can also arise from including interaction terms
and polynomial terms as regressors for more flexible functional forms. To keep the
model free from arbitrary variable selection, we study such high-dimensional settings.
However, traditional estimation and inferential methods, such as OLS and MLE, are
no longer valid even in high-dimensional linear regression models. Specifically, in
the high-dimensional threshold model, due to sample splitting, the total number of
parameters may be larger than the effective sample size in the regime with the fewest
observations, particularly when multiple threshold points exist, thereby leading to
poor estimation and out-of-sample prediction in finite samples. Many methods are
available for high dimensional estimation and variable selection, for example, Lasso
in Tibshirani (1996) and SCAD in Fan and Li (2001). We apply Lasso to estimate
the high-dimensional threshold regression (allowing for p > n), as in Lee et al. (2016)
and Callot et al. (2017).

In this paper, we first study cross-sectional data and use the concentration inequal-
ity from Chernozhukov et al. (2014) and Chernozhukov et al. (2015), as formulated in
Lemma 2 of Chiang et al. (2023), and concentration inequality for the partial sum of
random variables that we propose in Lemma 3 to derive oracle inequalities for both
the prediction error and ¢; estimation error for slope parameters and the threshold
parameter, which are qualitatively similar to those in Lee et al. (2016). We allow for
heteroskedastic non-subgaussian error terms and non-subgaussian covariates.

Based on these oracle inequalities, we then obtain the desparsified Lasso estimator
by using nodewise regression to construct the approximate empirical precision ma-
trix. In our proof, we maintain the dependence assumption between covariates and
the threshold variable, and we apply the inverse of a 2 x 2 block matrix to construct

the precision matrix when the threshold effect may exist.®> Next, based on the infer-

3The independence assumption would significantly simplify the proof, but it is uncommon in



ence theory of Caner and Kock (2018), we establish the asymptotic distribution of
tests involving an increasing number of slope parameters, while depending on a fixed
sequence of hypotheses in the cases with no threshold effect and with a fixed threshold
effect. We show that the asymptotic distributions in both cases are identical. We
also provide a uniformly consistent covariance matrix estimator in both cases. * We
further construct asymptotically valid confidence intervals for the interest of the slope
parameter, which are uniformly valid and contract at the optimal rate. Moreover, we
generalize the uniform inference theory for the debiased Lasso estimator to the setting
of the high-dimensional time series threshold regression model, with local projection
threshold regression as a special case.

The existing literature on high-dimensional threshold regression has focused on
deriving oracle inequalities for the prediction errors and estimation errors for the
Lasso estimator of the slope parameters and the threshold parameter in the case of
fixed design with gaussian errors (Lee et al. (2016)), and on model selection consis-
tency in the case of random design with sub-gaussian covariates and errors (Callot
et al. (2017)). Both studies focus on independent data. However, high-dimensional
inference is another important topic in statistics and econometrics; for example, the
estimation of impulse response functions is an essential part of econometric infer-
ence in time series models. Thus, in this paper, we perform uniform inference for
high-dimensional threshold regression parameters, allowing for either cross-sectional
or time series data, by applying the de-sparsified method of van de Geer et al. (2014)
to complement the existing literature. This method desparsifies the estimator by
constructing a reasonable approximate inverse of the singular empirical Gram ma-
trix, thereby removing the bias from the estimation of the shrinkage method. Our
asymptotic result is uniformly valid over the class of sparse models.

A growing body of literature applies the desparsified method of van de Geer et al.
(2014) to perform inference in high-dimensional regression models. Gold et al. (2020)
desparsified the Lasso estimator based on a two-stage least squares estimation, al-
lowing both the numbers of instruments and of regressors to exceed the sample size.

Semenova et al. (2023) desparsified the orthogonal Lasso estimator in their third

empirical applications.
4There is a slight difference between the limits of their asymptotic variances since, in the case of
a fixed effect, there is a true value for the threshold parameter.



stage when heterogeneous treatment effects are present. Additionally, Adamek et al.
(2023) and Adamek et al. (2024) constructed the desparsified Lasso estimator in
high-dimensional time series models. The desparsified method has also been applied
in high-dimensional panel data models to perform uniform inference, as shown in
works by Kock (2016), Kock and Tang (2019), and Chiang et al. (2023). However,
all of these studies test hypotheses for a bounded number of parameters. Caner and
Kock (2018) later considered hypotheses involving an increasing number of parame-
ters in linear regression models. We are the first to derive the asymptotic distribution
of tests involving an increasing number of slope parameters in threshold regression
models. Meanwhile, we demonstrate that the asymptotic distributions of the tests
are identical in cases with no threshold effect and with a fixed threshold effect, im-
plying that the researchers can perform inference without specifying the existence of
a threshold effect.

Organization: The rest of the paper is organized as follows. Section 2 recalls the
Lasso estimator of Lee et al. (2016) and establishes oracle inequalities under weaker
conditions on covariates and error terms. We construct the debiased Lasso estima-
tor and derive the asymptotic distribution of hypothesis tests in Section 3. Section
4 develops the uniform inference theory for high-dimensional time series threshold
regression models. In Section 5, we investigate the finite sample properties of our de-
biased Lasso estimator, followed by two empirical applications. Section 6 concludes.

All proofs are deferred to the Appendix.

Notation

Denote the ¢, norm of a vector a by |a| , and the empirical norm of a € R" by
llall, := (R 32", a2)'/? . For any m x n matrix A, the induced I;-norm and lo,-norm
of A are defined as [|Al;, == maxi<j<, > i) [Aij] and [ Al = maxi<icm )5 [Ail,
respectively. Additionally, define || A/ := maxi<i<mi1<j<n |4ijl-

For a € R", denote the cardinality of J(a) by |J(a)|, where J(a) = {j =1,...,n:
a; # 0}. Denote the number of non-zero elements of a by M(a), characterizing the
sparsity of a. Let ap; denote the vector in R™ that has the same coordinates as a on
M and zero coordinates on M¢. Let the superscript ¢) denote the jth element of a

vector or the jth column of a matrix.



Finally, define f.r(z,q) := 2’8+ 2'61{q < 7}, fo(x,q) := 2'Bo + 2'001{q < 7o},

~

and f(z,q) == x’g—l— x’gl{q < 7}. NThe prediction norm is defined as Hf— foH =

\/% > (f(Xu Qi) — fo( X, Qi))Q.

In this paper, we use the terms “debiased Lasso estimator” and “desparsified Lasso

estimator” interchangeably.

2 The Lasso Estimator and Oracle Inequalities

2.1 Lasso Estimation

The high-dimensional threshold regression model (1.1) can be rewritten as

X/ + Ui7 if 7 Z 70,
y, = [N Gz 2.1)
X;(Bo+00) + U if Q; < 7.

(); is the threshold variable that splits the sample into two regimes and dy represents
the threshold effect between two regimes. The model (1.1) thus captures a regime
switch based on the observable variable ();. The parameter 7y is the unknown thresh-
old parameter, which lies within a compact parameter space T = [to, t1]. There is no
threshold effect when 9y = 0, and the model reduces to a linear model.

Denoting a (2p x 1) vector by X;(7) = (X[, X/1{Q; < 7}) and an (n x 2p) matrix
by X (7), where the i-th row is X;(7)". Let X and X (7) denote the first and last p

columns of X (7), respectively. Thus, we can rewrite (1.1) as
Y; :Xi(To)/ao—l-Ui, 1= 1,...,71. (22)

where ag = (f, 9;)". In this paper, our interest lies in performing uniform inference
for the high-dimensional slope parameter «y, allowing for p > n.

Let Y := (Y1,...,Y,)". The residual sum of squares is

n

Sl m) == 37 (Y= XIp - XISUHQi < 7} = Y - X(al2 . (23

i=1

The Lasso estimator for threshold regression can thus be defined as the one-step



minimizer:
(@,7) = argmin,c g-Rr2pr reTCR {Sn(a,7) + A |D(7)al, }, (2.4)

where B is the parameter space for ag, and A is a tuning parameter. The (2p x 2p)
diagonal weighting matrix is denoted as follows:
D(r) == diag {|| X9 (7)|| , j=1,....2p}. (2.5)

Furthermore, we can rewrite the penalty term as

’ X0(r)

0|

2p
AD(r)al, = AZ
j=1
p
=2 [IXV @[+ XD, @]
j=1

Meanwhile, the one-step minimizer (&, 7) in (2.4) can be regarded as a two-step
minimizer:
(i) For each 7 € T, @(7) is defined as

a(7) == argmin,cgcpap {Sn(, 7) + A |D(7)a|, }; (2.6)

(ii) Define 7 as the estimator of 75 such that:

7 1= argmin,cpcp {S,(@(r). 7) + A D(1)a(7)],} (2.7)

Note that these estimators are weighted Lasso estimators that use a data-dependent
¢, penalty to balance covariates. Chiang et al. (2023) summarize various ways to
impose weights depending on different situations in Remark B.1. Additionally, 7 is
an interval; we choose the maximum of the interval as the estimator 7. For any n, we

use grid search to find candidates for 7 over {Q1,...,Q,}. °

SIf n is very large, we can use only N < n evaluations; see p.4 in Hansen (2000).



2.2 Oracle Inequalities

After recalling the Lasso estimator, we proceed to establish the oracle inequalities for
the estimators in (2.4). First, we make the following assumptions, some of which are
modified from Lee et al. (2016).

Assumption 1. Let {X;, Q;,U;},_, denote a sequence of independently distributed
random variables.
(i) For the parameter space B for ag, any a := (au,...,az,) € B C R?, including

ap, satisfies |a|oo < C4, for some constant Cy > 0. Furthermore, M(ap) < so and
s2|60|2 logp
sHbltber _ g, 1)

(ii) The threshold variable Q;, i = 1,...,n, is continuously distributed with intensity
function fqo(T). The parameter 1y lies in T = [tg,t1], where 0 <ty < t; < 1.

1\ 4
(111) The covariates X;, i = 1,...,n, satisfy maxi<j<, £ l(Xf”) } < Oy and min; <<,

E [(Xi(j) (to))Q} > C2, for some constants Cy and C3. Additionally, E [Xi(j)Xi(l)|Qi =
is continuous and bounded when T is in a neighborhood of 1y, for all 1 < j,1 < p.
(iv) The error terms U;, i = 1,...,n, satisfy E(U;|X;,Q;) = 0 and maxi<;<, E(U}) <
Cy < o0, for a positive constant Cy. Additionally, E [Xi(j)Xi(l)Ui2|Qi = 7'] s continu-
ous and bounded when T is in a neighborhood of Ty, for all 1 < 5,1 < p.

(v) %@ = U X

(i) VENR 105
—vn

0p(1), where Myx = max<i<, maxi<j<p

x9x0|.

= OP(l), where MXX = MaXj<i<p MaxXyi<ji<p

Assumption 1 imposes weaker conditions on covariates and error terms compared
to the fixed covariates and gaussian errors in Lee et al. (2016) and the sub-gaussian
covariates and errors in Callot et al. (2017), as we allow for heteroskedastic non-
subgaussian error terms and non-subgaussian covariates.

The first part of Assumption 1 (i) restricts each slope parameter vector component.
The second part implies that so and ||dg]|; can increase with n and that Assumption
6 in Lee et al. (2016) holds. ® Assumption 1 (ii) ensures that there are no ties
among the Q;s. © Applying the Cauchy-Schwarz inequality under Assumptions 1 (iii)
and (iv) yields max;<j;<, F [Xi(j)Xi(l)] < C% uniformly in 7; max;<;<, Var (UiXi(j)),

6See Callot et al. (2017) for further dicussion.
"We maintain the dependence between @ and X in the proof, and we will show in Section 5.1
that the performance of our estimator does not depend on whether @ is an element of X.



maxj<ji<p Var <X,L(])X2(l)> , MaXi<ji<p Var ()(2(]))(@(”]_{62Z < 7'0}) s and maxj<j<p

. 2
Var (Xi(] )(t0)> are bounded uniformly in 1.

Define
_ Aylogp
1oVn

as the tuning parameter in (2.4) for a constant A > 0 and a fixed constant p € (0, 1).

A

(2.8)

Lemma 1. Suppose that Assumption 1 holds. Let (a,7) be the Lasso estimator
defined by (2.4). Then, with probability at least 1 — C(logn)~!, we have

S \/(6 + 2#2)01\/ 022 + Ml)\\/ SO)\. (29)

Lemma 1 provides a non-asymptotic upper bound on the prediction error, regard-

|7 fo

less of whether the specification is a linear or threshold regression, as in Theorem 1 of
Lee et al. (2016). The prediction error is consistent as n — oo, p — 00, and spA — 0.
This lemma plays an important role in deriving the oracle inequalities in Theorem 1
for linear models and Theorem 2 for threshold models.
Next, we address the standard assumptions in high-dimensional regression models.
To this end, we define the population covariance matrix 3(7) = E'[1/n > | X;(7)X;(7)'],
M = E[1/n>" X X/], M(1) = E[1/n> " Xi(1)X;(7)], and N(1) = M —
M(7). 3(7) can be represented as a 2 x 2 matrix due to the properties of the
indicator function, i.e.,
S(7) = [ M M) ]
M(r) M(7)

Meanwhile, we define the following population uniform adaptive restricted eigenvalue

and impose certain assumptions,

‘Bl "X () X (1) )Y
(50, 60.5, 5 — min - OE[/n S, Xi(n) X))
TES  JoC{l..2p}lJol<so 0, llvug i <cov/sollvs, 2 |'7J0|2

Assumption 2. (i) M(7) and N (1) are non-singular.
(i1) (Uniform Adaptive Restricted Eigenvalue Condition) For some integer so such

that M (o) < sog < p, for a positive number cy, and some set S C R, the following



condition holds
K(So, Co, S, X) > 0. (2.10)

Assumption 2 (i) is a standard assumption for model estimation. Assumption 2
(ii) is a uniform adaptive restricted eigenvalue condition, which is a common and
high-level condition in the literature of high-dimensional econometrics and statistics.
This condition can be relaxed if ¥(7) has full rank. Moreover, 3(7) is invertible by
applying Theorem 2.1 (ii) in Lu and Shiou (2002) under Assumption 2 (i). We then
can do the gaussian elimination to obtain

N(r)™ —N(7)™!

O(r) =X(r) ' = LN M) L N | (2.11)

Thus, Assumption 2 (ii) holds under the non-singularity conditions for M (7) and
N (7). Lemma 7 shows that 1/nX (7)X (7)" uniformly converges to 3(7); therefore,
the empirical adaptive restricted condition holds as stated in Lemma 8.

Given that 7y is unknown, we impose that the restricted eigenvalue condition holds
uniformly over 7. Here, we analyze two separate cases. When dy = 0, Assumption 2 is
required to hold uniformly with S = T, the entire parameter space for 7, since 7y is
not identified. When dy # 0, this condition needs to hold uniformly in a neighborhood
of 79, as 7y can be identified. The Uniform Adaptive Restricted Eigenvalue (UARE)
Condition is applied to tighten the bound in Lemma 1 for establishing the oracle
inequalities for the prediction error as well as the ¢; estimation error. Although we
consider two cases separately, similar to Lee et al. (2016), we can make predictions

and estimate oy without pretesting the existence of the threshold effect.

2.2.1 Case I. No Threshold Effect.

In the case where §y = 0, the true model simplifies to a linear model Y; = X5, + U,.
The model (2.2) is thus much more over-parameterized, but we can still estimate the

slope parameter vector ayq precisely, as shown in Theorem 1.

Theorem 1. Supposed that 6o = 0 and that Assumptions 1-2 hold with k =

K (so, %, T, E) . Let (a, T) be the Lasso estimator from (2.4) with A satisfying (2.8).

10



Then, as n — oo, with probability at least 1 — C(logn)™', we have

Hf— fol| < ¥ (\/022 +,u1>\) Ny

- 442 C2 + g\

a— <
=k < e e

Furthermore, these bounds are valid uniformly over the ly-ball

SoA.

A (s0) = {0 € R¥ | |Bylo < Cr, M (o) < 50,80 = 0}

2.2.2 Case II. Fixed Threshold Effect.

In the case where 6y # 0, we assume that the true model has a well-identified and
fixed threshold effect.

Assumption 3 (Identifiability under Sparsity and Discontinuity of Regression).
For a given s9 > M (), and for any n and 7 such that n < |7 — 1| and o €
{a: M (a) < so}, there exists a constant Cy > 0 such that, with probability approach-
mg one,

|fan = foll, > Can.

Assumption 3 states identifiability of 7. Its validity was studied in Appendix B.1
(pages AT-AR) of Lee et al. (2016) when Assumption 1 holds. ® When 7, is known,
we only need the UARE condition to hold uniformly in a neighborhood of 7. We

derive an upper bound for |7 — 75| in Lemma 10 and thus define

. 208+ p)C *
U:(TIZZ)I\/MSO/\’ S={lr—1| <n"}.

Assumption 4 (Smoothness of Design). For any n > 0, there exists a constant
Cs < oo such that with probability to one,

1O :
sup  sup — Z ‘Xi(])Xi(l) 11{Q; < 1o} — H{Q; <7} < (s, (2.12)
=1

1<G.1<p [r—7o|<n TV .2

8We omit the restriction 7 > min; |Q; — 7p| since > min; |@Q; — 70| holds in the random design
with a continuous threshold variable Q.

11



Assumption 5 (Well-defined second moments). For any n such that 1/n < n <

\/(6+ 212)C17/C3 + 1 AV/'soA, hZ(n) is bounded with probability approaching one,
where

max{[n(ro+n]),n}

) =5— >, (X&), (2.13)

i=min{1,[n(70—n)]}

and [-] denotes an integer part of any real number.

Assumptions 4 and 5 are similar to those in Lee et al. (2016) and Callot et al.
(2017). Lemma 11 shows that Assumption 4 holds automatically under Assumptions
1 and 5.

Theorem 2. Suppose that 69 # 0 and that Assumptions 1 and 2 hold with k =
(S0, %, S, X). Furthermore, suppose that Assumptions 3, 4 and 5 hold. Let (@, T) be
the Lasso estimator from (2.4) with A satisfying (2.8). Then, n — oo, with probability
at least 1 — C'(logn)™t, we have

Hf—foHn§6 C’2+,u V'S0,
(C§+M)
R2(1 = p)/CF — pA

# < <3(1+u) (C3+ 1) 1) 12(C3 + o)
T\ (1= wVI(CF =) r2Cy

& — aply <

SO)\a

80)\2.

Furthermore, these bounds are valid uniformly over the ly-ball
.A {OéoGRp| |Oé0’oo§01,./\/l(()é0)§80,(507é0}.

The bound on the prediction norm from Theorem 1 or 2 is much smaller than
that in Lemma 1. Compared to the oracle inequality in the literature related to
high-dimensional linear models (e.g. Bickel et al. (2009), van de Geer et al. (2014)),
Theorem 1 provides results of the same magnitude, implying that our estimation
method can accommodate the linear model even though our model is much more
overparameterized. Additionally, the inequalities from Theorem 1 and Theorem 2

are of the same magnitude, up to a constant. These results thus hold uniformly over

12



By, (s0), where

By (50) = AW (s0) U AL (50) = {0 € R¥ | Jag|es < C, M(ag) < 50} -

0

For the super-consistency result of 7, Lee et al. (2016) explains that the least squares
objective function is locally linear rather than locally quadratic around 7.

The main contribution of this section is our extension of the inequality results from
Lee et al. (2016) to a high-dimensional threshold regression with non-subgaussian
random regressors and heteroskedastic non-subgaussian error terms. We then apply

these oracle inequalities to develop the uniform inference theory.

3 The Debiased Lasso Estimator and Uniform In-

ference

3.1 The Debiased Lasso Estimator

To perform uniform inference for the slope parameters, we first construct the despar-
sified Lasso estimator proposed by van de Geer et al. (2014) in our high-dimensional

threshold regression model as follows: ?

@) =a@) + @)X [F) (Y — X@)aF)/n, (3.1)

where @(7) is obtained from (2.4), and ©(7) is an approximate inverse of the empirical
Gram matrix i(?) = X (7)X(7)"/n because f](?) is singular in our high-dimensional
model.

We will discuss the debiased Lasso estimator in two separate cases. Addition-
ally, we will apply nodewise regression from Meinshausen and Biithlmann (2006) to

construct the approximate inverse matrix.

9This estimator is obtained by inverting the Karush-Kuhn-Tucker (KKT) conditions. For more
details, see van de Geer et al. (2014).

13



3.1.1 Case I. No Threshold Effect

In the case where §y = 0, the true model simplifies to a linear model Y = X5, + U.
Substituting this into (3.1) yields

HXT)(XB+U — X (7T)a(r))/n
XT)'(X(T)ag+U — X(7)a(7))/n

= ag — ag +a(7F) — O T(F)(A(F) — ) + OF) X (7)U/n
= ay+ O X7 U/n— AF) /02,

(3.2)

where A(T) = v/n ((:)(T)EA)(T) — ]2p> (@(T) — ap) . The second equality holds due to
9o = 0.

To derive the asymptotic distribution of tests involving an increasing number of
parameters, we define a (2p x 1) vector g with |gls =1 and let H = {j =1,...,2p |
g; # 0} with cardinality |H| = h < p. H contains the indices of the coefficients
involved in the hypothesis to be tested. We allow for h — oo but require h/n — 0, as
n — 00. By the Cauchy—Schwarz inequality, we have |g|; < Vh. In particular, g = €;
represents the case where we test only a single coefficient, where e; is the 2p x 1 unit
vector with the j-th element being one.

Our focus is on
Vg (@(7) — ag) = ¢OF) X (7)U/n'/? — ¢ A7), (3.3)

and we will derive its asymptotic distribution by applying a central limit theorem to
¢'©(7) X (7)'U/n'/? and by showing that ¢’ A(7) is asymptotically negligible.

3.1.2 Case II. Fixed Threshold Effect

This subsection explores the case where the threshold effect is well-identified and
fixed. Following a procedure similar to Section 3.1.1, we substitute Y = X (7)o + U
into (3.1), yielding

AN AN

aT) =ag+O(7)X(7) (X (10)ag — X(T)ag) /n

Q 3.4
(TAD(T)p+0O(7)X(7)'U/n — A(?)/nl/Q. (3.4)

@D @



In this case, our focus is on

~
A~

Vg (@(7) — ag) = ¢O(F) X (7)'U/ /n'"? — g A7)

. 3.5
+ 9O (X (7) X (10) — X (7) X (7))o /n'/?, .

and we will derive its asymptotic distribution by applying a central limit theorem to
¢O(F) X (7)'U/n'/? and by showing that ¢'© (7)(X (7)' X (10) — X (7) X (7)) o /n/?
and ¢’A(7T) are asymptotically negligible.

3.1.3 Constructing the Approximate Inverse ©(7)

In this subsection, we formalize the process of constructing the approximate inverse
matrix @(T) of the singular empirical Gram matrix. The approach closely follows
that of van de Geer et al. (2014), with the additional requirement of verifying that
the specified conditions are met.

We seek a well-behaved (:)(T) and examine the asymptotic properties of (:)(T)

uniformly across 7 € T. Recalling (2.11), we have

N(r)™! —~N (7)™
~N(r)™' M(r)"'+ N(r)™!

Define A(7) = M (7)"! and B(7) = N(7)~!'. We construct the approximate inverse
A(7) of .Z/\Z(T) and B(7) of .Z/V\(T), where J/\Z(T) = 15" X Xi/1{Q; < 7} and
]/V\(T) = L3 XiX,'1{Q; > 7}, to build the approximate inverse matrix (7).

Denote the (px 1) vector by X (1) = XV1{Q; > r} and the (nx p) matrix by X (7).
Let X9 (7) and X9 (7) denote the submatrices of X (7) and X (1), respectively,
without the j-th column. We study the following nodewise regression models with

covariates orthogonal to the error terms in Ly for all j = 1,...,p, we consider
XW(r) = X(_j)<7')/’707j(7') + oW,

XU(7) = )?(*j)(T)/%J (1) + oW 10

v and ©V) may be functions of 7 even though they are independence of Q.

10See Appendix B of Caner and Kock (2018) for the details about the covariance matrix’s repre-
sentation of the regression coefficients.

15



@ x O

50 x

wise regressmns.

, allowing us to apply the oracle inequalities in Section 2.2 to the node-

Assumption 6. (i) maxi<j<p [10,jlec < C and maxi<j<p [Yo,jlec < €', for some posi-

] =

tive constants C and C".
(i) Fori =1,...n, and j = 1,...,p, £ [’UZQ)

Iz I3

Z}—OandE[(

N2
E {(UE”) } and E {( (])> } are uniformly bounded in j =1,...,p.

...y A/EM?2,\/logp \/ EM2 \/log i l
(i) S——7—= < 00 and ¥——2——— < 00, where Myx = max)<j<, Maxi<i<p UZ(])XZ»()
d My = - ~(j)X(l)
an X = MaXj<i<n MaXy<i<p (U, i .

Now, we begin constructing 2(7’) Given any 7 € T, for each j = 1, ..., p, the Lasso

estimator for the nodewise regression is given by

3i(7) = argmin ey [| XV (1) = XTI (03517 + Anode. (3.6)

Fj<7')7j .

Where fJ<T> = dlag{HX(l) Hn’ ]-7 "'7pal 7£ j} y Wlth Components Of fy\]<7> =
{A(k (1); k=1,..,p, k# j}. We choose Aode,j = Anode, required for the validity of
Lemma 16. Define

L) e )
6‘(7) _| T (7) 1 —y (7) (3.7)
) AP !

and Z(7)2 = diag (3.(7)%,. .., %,(7)2), where

5 = [[XO(7) = XD RO+ Mo [F507,00)] - 39
We thus construct
A(r) = Z(7)2C(7). (3.9)

Next, we show that A\(T) is an approximate inverse matrix of M (7). Let ﬁj(T)
denote the j-th row of A(r). Thus, A\j(T) = 6’;(7')/,’73] (7)?. Denoting by €; the j-th

16



unit vector, the KK'T conditions imply that

n AT _ )\node
Ay -3 <[Br] 222 10

Similarly, we use the same process to construct ﬁ(r) Given any 7 € T, for each

j=1,...,p, define

o~

FJ (T):};] )

1

2
+ )\node
n

X0 (r) = X9(r)5,

7;(7) = argmin, ¢y

~

T5(r) = diag { | X(7)

J

l=1,....p, l;«éj},

n

1,...,p, k # j}. Meanwhile, define

~ ~(k
with components of 7,(7) = {Ai; )(T) K

=(2) =(p)
(1) -7, (1) - % )(7')
(1 =(p
~ _ 1 _
Cr=| " (7) 7 (1) (3.11)
~01) ~2) '
_7p (T) _’Yp (T) e 1
and Z(r)? = diag (?1 (T)2, ... ,§p<7>2) with
Z(r)? = | XD (r) = X712 + Anode | T3(7)7;(7)
1
We then construct R R
B(r) = Z(7)2C (7). (3.12)
Therefore, we obtain
- Br) B
6| B B0 | (3.13)
—B(1) A(r)+ B(1)

and provide the asymptotic properties of (:)(T) in Lemma 16.
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3.2 Uniform Inference for the Debiased Lasso Estimator

This section derives the asymptotic distribution of tests in cases with no threshold
effect and a fixed threshold effect, showing that their distributions are the same.
Furthermore, we construct uniform confidence intervals for the parameters of interest
that contract at the optimal rate. To this end, we first impose some assumptions to

establish the validity of the asymptotically gaussian inference.

)

2 o 2 o 2 o
—VEM\);% VORP _ 6,(1), —\/EMX%2 VORP _ 0,(1) and —\/’Wx%2 VORP o, (1),

N 12
Assumption 7. (i) maxi<j<, E [(X,(J)> } and E [Uf] are bounded uniformly in i.

where Mys = max)<;<p MaXi<k | i<p (Xi(k)Xl-(l)Xi(j)>2 , M2 =
Maxi <j<, Maxi<ji<p Xi(j)Xi(l)Ui2 , and Mxap2 = max;<;<, Max<;<p (Xi(j)Xi(l)Ui>2 )
(1)

(35282 o, 1) Vg0

Vn n

(i3i) K(so, co, T, Xp,) and K(so, co, T, X) are bounded away from zero.

Gmax (B (7)) and duax(3(7)) are bounded from above, for 7 € T.

Assumption 7 provides sufficient conditions for applying the central limit theorem.

Assumption 7 (i) controls the tail behavior of the covariates and the error terms.

: N 2
By Assumption 7 (i), max;<j;<, Var (Xi(J)Xz‘(l)Ui2>7 max; <k j<p Var (Xz(k)X(l)XZ(J)) 7

and max; <<, Var (Xi(j )XZ»(Z)UZ) i are bounded from above uniformly in . Assumption
7 (ii) restricts the number of covariates (p), the number of parameters included in con-
ducting joint inference (h), the sparsity of the population covariance matrix (§), where
§ = sup,crmaxjey 5;(7), s;(1) = |S;(7)], and Sj(7) = {i = 1,...,2p : ©;,(1) # 0},
and the sparsity of the slope parameters (sq). Notably, the second part of Assumption
7 (ii) is to verify the Lyapunov condition. Assumption 7 (iii) restricts the eigenvalues
of ¥,,(7) and 3(7), where X, (1) = E[1/n )", X:(7) X/(T)U?].

Theorem 3. Suppose that Assumptions 1 to 7 hold. Then, as n — oo, we have

\/Aﬁg/(:(ﬂ — f“]) 4 N(0,1), (3.14)
VIOFE..(7)8(F)g
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uniformly in o € By, (so).

Furthermore,

s [fOF)S. B — fOFSWPOF g = 0(1)  (315)

a0 €A (s0)

sup
aOGAg)) (s0)

IO(F) S (F)O(F)g — ¢'O(1)Sau(0)O(m)'g| = 0,(1),  (316)

where im(?) = %Z?:l X,(7) Xi(7) (U\’(?))Q

Thus, we establish the asymptotic distribution of tests involving an increasing
number of slope parameters in the cases with no threshold effect and a fixed threshold
effect, showing that their asymptotic distributions are identical. Additionally, we
provide a uniformly consistent covariance matrix estimator for both cases. However,
there is a slight difference between the limits of their asymptotic variances, since
there is a true value for the threshold parameter in the latter case. Because we
lack prior knowledge of the existence of a threshold effect, we simultaneously impose
the assumptions of Theorems 1 and 2 to establish Theorem 3. Here, the number of
parameters involved in hypotheses is allowed to grow to infinity at a rate restricted
by Assumption 7(ii).

In the case of a fixed number of the parameters being tested, by (3.14), we have

2

(BF8BF), | VilaE I —un)| S3i(h. (17

H.H 9

for a fixed cardinality h. Thus, a x? test can be applied to test a hypothesis involving
h parameters simultaneously.

Next, we establish confidence intervals for the parameters of interest. Let ()
denote the cumulative distribution function (CDF) of the standard normal distribu-
tion, and let z;_,/2 be the 1 — a/2 percentile of the standard normal distribution.
Define 0;(7) = \/e;@(?)i\]w(?)(:)(?)’ej for all j € {1,...,2p}. Let diam([a, b]) denote
the length of the interval [a,b] C R.

Theorem 4. Suppose that Assumptions 1, 2, 3, 4, 6 and 7 hold. Then, as n — oo,
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we have

sup  sup Vng'(@ ( )_ ?é\o) <ty —d(t) —0. (3.18)
teR QOGBZO So \/gle G)( )/g

Furthermore, for all j € {1,...,2p},

lim inf P {oz(()j) € [a(j)(?) - zl_agéz) A7) + 20 Uj(T)] } =1-a, (3.19)
n 2

n—00 ag€By, (s0)

and
. o (T . T 1
sup diam EE(J)?—z,gUJ(T),A() —l—z,,aj( )]> O (—> 3.20
L (|o2@) - s 22 a9 + (7). G

Therefore, we show that the convergence of a linear combination of the parameters
of a(7) to the standard normal distribution is uniformly valid over the ¢y-ball with a
radius of at most sy. Researchers can perform uniform inference for high-dimensional
slope parameters without specifying whether the specification is a linear or threshold
regression. In addition, these confidence intervals are asymptotically honest and

contract at the optimal rate.

4 Time Series Model

We establish the uniform inference theory for the debiased Lasso estimator in the high-
dimensional time series threshold regression model, extending the model of Adamek
et al. (2023) by allowing for the existence of a threshold effect, with local projection
threshold regression as a special case. We now assume that (Y;, X;, @Q);) is a sequence

of dependent data while still focusing on the model (2.2) as follows:

Y;':Xi(To)/Oéo—i-Ui, 1= 1,...,n. (41)

4.1 Oracle Inequalities and Inference

We continue studying the Lasso estimator from equation (2.4). We follow the as-
sumptions of Adamek et al. (2023), but list them here for completeness and briefly

discuss them. In the notation, C' represents an arbitrary positive finite constant, and
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its value may vary from line to line.

Assumption 8. Let {X;, Q;,U;}._, denote a sequence of dependent random variables.
Define W; = (X[, U;)" and suppose that there exist some constants m > m > 2, and
d > max{1,(m/m —1)/(m — 2)} such that

(i) BIWi] = 0, E[X,U] = 0, QU] = 0, and maxi<jepin, 1<isy B[ WY

for a positive constant C.

2m

Sca

(ii) Let sy,; denote a k(N)-dimensional triangular array that is a-mizing of size
—d/(1/m—1/m) with o-field F? := 0 {Sni, Sni-1, - - . } such that W; is F$-measurable.
The process {VVi(j)} is Loy, -near-epoch-dependent (NED) of size —d on sn,; with pos-
itive bounded NED constants ', uniformly over j =1,...,n+ 1.

(7ii) The threshold variable Q;, i = 1, ..., n, is continuously distributed. The parameter
7o lies in T = [to, 1], where 0 <ty < t; < 1.

(iv) E [XZ-(j)XZ-(l)|Qz‘ = 7‘] and E [Xi(j)Xi(l)UﬂQi = 7| are continuous and bounded when
T 48 in a neitghborhood of 1y, for all 1 < 5,1 < p.

This assumption is the time series analogue of Assumption 1. We assume W; to be
NED; thus W; can be approximated by a mixing process. 2

We assume that «q is weakly sparse, which is a more general condition than the
exact sparsity assumption for cross-sectional data. Additionally, establishing oracle

inequalities under this condition for independent data is not difficult.

Assumption 9. For some 0 < r < 1 and sparsity level s,, define the 2p-dimensional

sparse compact parameter space
Boy(r,s,) = {a € R? : |af. < s,, |ale < C, 3C < 0},

and assume that og € Bap(r, s,).

In addition, we define A%,) (r,s7) ={a € R¥? : |a|] < s,, |a]o < C,0p =0} and Agi)(r, Sr)
={a e R?: |a|l < s,, |a|e < C,dp # 0}. Thus, Byy(r, s,) = Agy(r, Sr) U.Agp)('r, Sy).
We impose the following standard compatibility conditions for high-dimensional

regression models, as in Adamek et al. (2023), which are stronger than the uniform

LA sequence Wy is of size —d if Wy = O(N_d_f) for some € > 0.
12NED is a more general form of dependence; refer to Adamek et al. (2023).
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adaptive restricted eigenvalue conditions in Assumption 2 (ii), while they are still

considered regular conditions for establishing the consistency of the Lasso estimator.

Assumption 10. Recall ¥(7) :=1/n > E[X(7)X,(7)']. For a general index set S
i=1

with cardinality |S|, define the compatibility constant

{ |swz<f>v} |

0% (S) = min
= s

TES {7#£0:|vse[1<3|vsl1}

Assume that ¢§:(T)(SA) > 1/C, which implies that

S\ E(T)y
sl < AZI < s ey,
2(7’)< )
for all y satisfying |vs: |1 < 3|vs,|1 # 0.

The compatibility conditions for M (7) and M can be defined accordingly.

Theorem 5. Suppose that Assumptions 3, 4, 8, 9, 10 and the conditions of Lemma
28 hold. Then, as n — oo, with probability at least 1 — C'Inlnn~", we have

~ 2
7= sl <oxs,

@ — agly < CA' sy,

when the fized threshold effect exists,
|§'\— 7'0|1 S C)\Z_TST.

Theorem 5 provides oracle inequalities for dependent data, in comparison to The-
orems 1 and 2. We do not separate the results into two cases, as the oracle inequalities
are qualitatively the same whether or not a fixed threshold effect exists. Additionally,
we provide a non-asymptotic bound for 7 when the threshold effect does exist.

We will establish the uniform asymptotic normality of the debiased Lasso estima-
tor based on a finite number of parameters, a common consideration in time series
inference. We can include an increasing number of tested parameters at the cost

of assuming an a-mixing process instead of the NED framework. ' We utilize the

13See Section 4.3 in Adamek et al. (2023) for further discussion.

22



same nodewise regression approach as in Section 3.1.3 to construct the approximate
inverses of the empirical Gram matrices M (1) and N (1), denoted by A(7) and B(7),
for obtaining the debiased Lasso estimator. Thus, for all j =1,...,p,

XW(r) = X(fj)<7)'%’j(7) + W),

XU (r) = XCN(r) 5o (r) + 0.

We provide the following assumptions for applying Theorem 5 to the nodewise Lasso
regressions.

Assumption 11. (i) For some 0 < r < 1 and sparsity levels sﬂ), 39 , let yo; €

B,_1 <r,57(«3> and 7o,; € Bp—1 <r 5 ) Vi=1,.
(i) Fori=1,...n, and j = 1,...,p, E [v§ ’] — 0. E [@U)} — 0, E[

el

Ol
<C, maxj<j<p, 1<i<n I

} = 0; maxi<j<p, 1<i<n B |:)U2

(2

and B [
<.
(1ii) M (1) and N (1) are non-singular.

Assumption 11 is analogous to Assumptions 4 and 5 in Adamek et al. (2023).
Assumption 11 (iii) implies that 3(7) is invertible, as discussed below Assumption 2.

Therefore, we have

om_| BO  B@) |_ Z(r)2C(r) ~Z(1)*0(r)
—B(r) A(r)+ B(7) —Z(1)2C(r) Z(1)C(r) + Z(r)2C(7)
as in (2.11).

Recall the debiased Lasso estimators from Section 3: in the case of no threshold
effect,

Vg (@(7) - ao) = ¢OF) X (7)U/n'/* — ¢ A7),

and in the case of fixed threshold effect,

Vg (@F) — ag) = ¢OF) X (F)U//n'/? — g A7)
+ g OF) (X (7) X (1) — X (7) X (7))ao/n"/?.

Define Z(79)* = diag (z1(70)?, ..., 2p(70)*) and Z(10)? = diag (Z(10)2, . .. ,Zp(70)%),
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where 2(0)? = 1/n Y E {(Uy)(m))z} and %;(r0)? = 1/n ", E {(@?n(m))z}

from population nodewise regression. Furthermore, we define the long-run covariance

matrices = E1/n (3, wi) i wils Qpw = E[1/n (32, wi) (35, wi)],
and 0, = E[1/n (X0, w;) (X, @))], where w; = (v(l)ui, . ,v(p)ui> and @; —

% )

/ ~ R
<5i(1)ui, o ’g(P)ui) - Qpn, Qpn, and Q,,, can be rewritten as Q,,, = 2(0) +

1

5B +EW), By = B0) + K15 (B0 +E(0)) and 8, = F(0) +
5 (EO+EW) where B() = LS00, B [wiwl ] E() = L0, B [@)]

and E(I) =137 w;w._,|, as in Adamek et al. .
dE() =1 E [ww,, Adamek et al. (2023

=041

[x

Let A = minj_;_ 9, \; and A = max;—; o, \;j, satisfy (8.2) and let 5, =

..........

----------

Srmax = max{s,,S,}. Similar to Section 3, we define g as a (2p x 1) vector with
lgl2 =l and let H = {j = 1,...,2p | g; # 0} with cardinality |H| = h < C.
H contains the indices of the coefficients involved in the hypothesis to be tested.
The following theorem establishes the asymptotic normality of the debiased Lasso

estimator in both cases.

Theorem 6. Suppose that Assumptions 3, 4 and 8 to 11 hold, that S%iaxlogp/\/ﬁ —
0, and that the smallest eigenvalues of 2, ,,, ﬁpm and Q,,,, are bounded away from 0.

Furthermore, assume that N2, < (Inlnn)\" [\/ﬁsnmax]_l, and

max

(2+%) 1y _mo ’
0<7r<1l: Apn>(Inlnn) |s, max (L (i 72r)

r=0: Somax < (Inlnn)™ | ———
p(ﬁ

B
.
o

+

!

=

3

Then, as n — oo, we have

Vng'@a(®) —ao) 4
g (7)g

(0,1),

uniformly in ag € Bay(r, s,), where
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W (r) = { Z(7) 2,2 (1) Z(r) 0y 2(7) 2 ~ B(7) Yy Z(7)

V() 2 () (1) B (1), 2(0) "+ Z(r) 2y ()R — 22 ()70, 2 ()2

N
~
3
2
&
<
3

To estimate the asymptotic variance, we consider the long-run variance kernel

~ ~ kn—1 ~ ~ =
estimator, as in Adamek et al. (2023), 2 =E(0)+ > K <4> (E(l) E’(l)> , Q=

+

= kn—1 o~ o~ ~ ~ kpn—1 ~ ~/
2(0) + (k) (H(Z) +2 (z)) cand @ = B(0) + & K (E> (ua) +2 (z)) ,
where B(1) = -1 S @, with a9 =090, 20) = L 3 wa, , with @, =
i=1+1 i=l+1
%Ej)ﬂi, and E(I) = -1 3 @ﬂABLZ, the kernel K(-) can be taken as the Bartlett
i=l+1

kernel K(I/k,) = <1 - é (Newey and West (1987)) and the bandwidths ki, ky,

and k, should increase with the sample size at an appropriate rate. Define k, =

max {E%E} .

Theorem 7. Take Q, Q and Q with k, — 0o asn — oo, such that knhQ(\/ﬁhQ)fl/derl/(mﬂ)
— 0. Suppose that

)‘1211;:( < (111 In n)_l min { [\/E\/ﬁsr,max] - ) [knhl/mnl/msr,max] - )
[kih?)/mn(f%—m)/msr maxj| -1 ’ [k2/3h1/(3m)n(m+l)/3msr max] 71} ’

A < (nInn) AL (VAR ™Sy max] 5 and

O<r<l: >\min 2 (h’l In n) Sr,max <

r=0: Somax < (Inlnn)~

. v |G RN () i

and that Assumptions 3, 4 and 8 to 11 hold, then, we have

swp  |gF () g~ W (F)g| = o,(1), (42)

aOGA%) (rysr)
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sup W (7) g —g'¥(n0) g = o(), (4.3)

aOGAéi) (r,sr)

QZ(r)2 — 2(7)05(7)

. Z@0Z6) Z(r)

Z() 212 - Z()2QZ(F)2 Z(F) Q2R + Z2(7)2QZ(F)2 - 2Z(r) 2 (r)2|

where W (7) =

We provide a uniformly consistent covariance matrix estimator for both cases in
Theorem 7. Similar to (3.15) and (3.16), there is a slight difference between the
limits of the two asymptotic variances, since there is a true value for the threshold

parameter in the case of a fixed threshold effect.

Theorem 8. Suppose that Assumptions 3, 4 and 8 to 11 hold, thatsi’/riaxlogp/\/ﬁ — 0,
that the smallest eigenvalues of §2, ., ﬁp,n and that (NZWL are bounded away from 0,
and k,n~ 27d 5 =) — 0 for some k, — oo. Further, assume that A\ ~ Apax ~ Amin,

and that

1

p(%+%) T(%*m)
n

<A<Ilnlnhn [kfb\/ﬁso,max}_lﬂ )

<A< Inlnn [ki\/ﬁsnmax} —/@=) ,

r,max

0<r<1: (Inlnn) ‘s’ [

71p1/m

NG

r=0: (lnlnn)

9_ d4+m—1 1(,. dm-1)(2—r) 2/m .
Assume that k:lsr,maxp( D@t )i (S s) & 0, and that kisovmax% — 0 if

r =20. Then, we have

A (F) —
sup sup |P Vg (@(F) - ao) <t]—2()|—0.
tER gEBap(r,sr) g’ v (T) g

Similar to the result in Theorem 4, we show that the convergence of a linear
combination of the parameters of the debiased estimator a(7) to the standard normal
distribution is uniformly valid over the /,-ball. This allows researchers to perform
uniform inference without specifying whether the specification is a linear or threshold

regression.
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4.2 Local Projection Inference

In this section, we develop the uniform inference theory for the debiased impulse re-
sponse parameters in the high-dimensional local projection (HDLP) threshold model.

We focus on the following local projection threshold regression:

K
Bro + oni + prYi + Mwsi + Y Afyzi i+ Uns, i Qi > 7,
k=1
K+’L = ’ / < ’ /
(Bno + 0no) + (En + Onw0)i + (o + Ony0)Yi + (M + 0 o) Wai + > (A + G s a0)Z1—i + Unii
=1
if Qz < Tp.

(4.4)

where h = 0,1,..., hmax, 4 Bn = (Br,0> Py Pr, My, A )" Tepresents the projection
parameters when the threshold variable is above the threshold point 7, while 3} ¢ +
0h,0, Oh+0h,2,05 PhF0hy.0, Mh+Oh.m,0, Dhk+0nk a0 are the projection parameters when

the threshold variable is below the threshold point. Uy ; is the projection error and

!
S,19

z; = (w Y, x;, 'w}’i)/ includes the response Y;, the shock variable x;, and the vectors
of control variables consisting of “slow” variables w;,; € R™, and the “fast” variables
wy,; € R™ for identification purposes.'® We are interested in ¢, and ¢y, +0p, 4.0, either
of which represents the response at horizon h of y; after an impulse in x;. When
60 = (Onz,0,0h4.0s 050 Onrao) = 0, it reduces to the local projection regression,
similar to equation (1) in Adamek et al. (2024). We focus on a small number of

parameters, allowing us to rewrite equation (4.4) as

Y; = X;-Lyi(TO)aH,O + XLH,i(TO) a_140 + Ui, 1= 1, e,y (45)
1x2H 2Hx1 1x(2p—2H) (2p—2H)x1
and furthermore,
Y = X’H(TO)Oé’H,O + X_’H(T())Oz_';.bo + U.

We now have two groups of parameters. The parameters of interest are a9 =
(Br.050m,0), which belong to the first group while the second group includes the param-

eters for control variables, where H is the index set representing the 2 H variables of in-

14We assume that the unknown threshold parameter (7p) is the same when estimating the impulse
response function across different horizons and that the number of horizons is finite.
15See Adamek et al. (2024) for more detailed explanations.
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terest. Without loss of generality, we order the variables in X (1) = (X#/(7), X_5(7)).
We then apply the penalization method, as in Adamek et al. (2024), penalizing only
the parameters for control variables a_ . Thus, shrinkage bias does not affect the
unpenalized parameters of interest. We suppress the dependence on h since each

horizon of the LPs is estimated separately. The Lasso estimator is given as follows:

(a(7),7) = ((a;{(?),a’_ﬂ(?))’,?) = argmin ||Y — X (7)a||2 + 2\|D(7)al:, (4.6)
a€R2P 7T
where D(7) is an 2p x 2p diagonal matrix with D, ;(7) = 0 for ¢ € # and D, ;(7) can
be defined as in (2.5) otherwise. '© The oracle inequalities are qualitatively the same
as those in Theorem 5.

Next, we consider the debiased Lasso estimator
in(7) = an(?) + OF) X () (Y — X(7)a()/n, (4.7)

where ©(7) is an 2H x 2p submatrix of an approximate inverse of 3(7) := X (7) X (7) /n.
We still use nodewise regression and follow the same process as in Section 4.1 to obtain
O(7). We construct

~(2 ~(H P
1 A" . ATE L [P0
~(1) ~(H) ~(p)
~ — T 1 L. = Ty ... — T
CH(T) - ’Y2. ( ) ' . ’72. ( ) 2 ( ) ’
~(1 ~(2 —~
AP AP 1 A

and Zy (7)? := diag (2.(7)2, ..., Z2u(7)?), where 2i(1)? == || XU (1) = XD (1)7; ()| |2+
2A)\j|/7\j(7')|/1, we thus obtain A\H(T) = 2H(7')*2CAZ'H(7'). Similarly, we have B\H(T) =
Zy (1) 2Cy(7). Define Qppny Qppn, and Q. as the top-left H x H submatrices
of Q,,, Q

pn and ﬁp,n, respectively.

16 As in Section 2.1 of Adamek et al. (2024), the Lasso estimator can be derived by
A~ . 2
(@ (7),7)= argmin  ||Mx, )Y — Mx, (- X-nu(r)e|| +2Xali,
a€R(ZP—2H) 7T

an(?) = S5 Xu(7) (Y — X_p(@)a_y) /n,

where M(x, () == I — X (1) (X (1) X3 (7)) 1 X3 (7), and i’;.[ = Xy (1) Xy (1) /n.
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Theorem 9. Suppose that Assumptions 3, 4 and 8 to 11 hold, that H < C, that
sg/,fwzlogp/\/ﬁ — 0, that the smallest eigenvalues of Qppny, Qrrpn, and that QHJ,,TL
are bounded away from 0, and knn_Q/d“ml/(m—?) — 0 for some k, — oo. Further,

assume that A ~ Apax ~ Amin, and that

1

+m)

r

mw

p(iae) o
0O<r<1: (Inlnn)™* i/r;ax <A< Inlnn [k)v/ns, max] 1/(2 T)’
\/_
<A

r=0: (ln In n) 1P nlnn [kQ \/_50 maX:| 12 .

7

m d(m—1)(2—7r) m
Assume that k:flsnmaxp( (et ) i (r=SGmet ) o 0, and that kiso,max% — 0 f
r = 0. Then, for g € R*, we have

p Vg (ax(7) — a30)

sup  sup <t | —o(t)| =o0,(1),
teR ap€Bap(r,sy) g/\T,H (7/:)9
where
Ty (7) = |- Zu(7) 0 Z7) Zulr) 0 Z()> = Zn() X Z(7)

Zy(r)” ZQHZH( )72 — Zy(7)" 2QHZH( )2 Z(7) P Z(7) 2 + Za(7)” ZQHZH( )2 —2Zy(7)" ZQHZH( )7

As in Adamek et al. (2023) and Adamek et al. (2024), we also use an autocorre-
lation robust Newey-West long-run covariance estimator, as in Section 4.1.

The uniformly consistent covariance results for the cases with no threshold effect
and a fixed threshold effect are similar to those in Theorem 7. The proof of Theorem
9 follows from the proofs of Theorem 8, and Theorem 1 in Adamek et al. (2024).

Therefore, we omit the detailed proof.

5 Monte Carlo Simulation and Applications

We study the finite sample properties of the proposed desparsified Lasso estimator
for high-dimensional threshold regression through Monte Carlo experiments. We
compare our debiased Lasso estimators for threshold regression with those from linear
regression in cases with no threshold effect and a fixed threshold effect. Additionally,

We apply our method to two empirical applications, one related to the multiple steady
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states of economic growth by Durlauf and Johnson (1995), and the other concerning
the effect of a military spending news shock on government spending and GDP by
Ramey and Zubairy (2018).

5.1 Monte Carlo Simulation

The implementation of the debiased Lasso method for the linear model is pub-
licly available at https://web.stanford.edu/~montanar/sslasso/code.html. To
choose the tuning parameter \, we utilize the regularization parameter A = 45/ (2logp)/n
from equation (31) in Javanmard and Montanari (2014) and ten-fold cross-validation.
However, according to our simulation results, cross-validation does not significantly
enhance the performance, while the processing time is considerably longer. Therefore,
we use regularization parameters for both A and A\, sge-

Before discussing the results, we briefly describe the data-generating process. We
consider the threshold regression model (1.1), where the rows of the design matrix are
i.i.d realizations from N(0,X), with ¥, = 0.5V 7% a Toeplitz structure, and error
terms are U; ~ N(0,0.25). When the threshold variable @; is independent of X;, we
take @Q; ~ uniform(0,1). ' We also consider the case where the threshold variable
correlates with the covariates. We take 75 = 0.5 unless otherwise specified. We use
the grid search method to find 7 from 0.15 to 0.85 by steps of 0.05. Without loss of
generality, we assume that [ is a p x 1 vector with the first sy elements being b, the
remaining p — so elements being zeros and that g is a p x 1 vector with the first sq
elements being 0, the next sy elements being 01, and the remaining elements being
ZETos.

In Figures 1 and 2, we plot the constructed 95% confidence intervals for the realiza-
tions (n,2p, so, b, b1, pg x») = (400,600, 15,1,0.5,0.5) and (n, 2p, s, b, b1, pg x=) =
(400, 600, 15,1,0,0.5) for both threshold and linear regression models. Our debiased
estimator for threshold regression performs much better than the debiased estimator
for linear regression when there is a fixed threshold effect. Even when the thresh-
old effect does not exist, our estimator for the threshold regression still performs

comparably to that for the linear regression.

1"We also consider the case where the rows of the design matrix are i.i.d. realizations from a
binomial distribution with a success probability of 0.15. The results are similar, so we do not report
them.

30


https://web.stanford.edu/~montanar/sslasso/code.html

Confidence Intervals for debiased LASSO Confidence Intervals for debiased LASSO

©  LASSO o LASSO
©  de-biased LASSO O de-biased LASSO
Ground-truth d Ground-truth
-d —— Confidence Intervals —— Confidence Intervals
. L
o - "y Uil I
M Al TR S
o 4 &
T T T T T T T T T T T T T T
0 100 200 300 400 500 600 0 50 100 150 200 250 300
Coefficients Coefficients
(a) Our estimator (b) J&M estimator

Figure 1: 95% confidence intervals for one realization (n,2p,so,b,bl,pg x) =
(200,600, 15,1,0.5,0.5) (with a fixed threshold effect).
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Figure 2: 95% confidence intervals for one realization (n,2p,so,b,bl,pg x») =
(200, 600, 15,1,0,0.5) (without threshold effect).

Additionally, we consider 20 independent realizations for each parameter o ; for
each model specification. We focus only on the parameters f,; as we study two
separate cases: one with a fixed threshold effect and the other without a threshold
effect (0p; = 0). We compute the average length of the corresponding confidence

interval Avglength (J;(3)), and the average

(=p! Z Avglength(J;(5)). (5.1)

i€[p]
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Measure

|7 — 70| 14 ls Lge Cov Covs | Covge
Configuration
(400,600, 15,1,0.5,0) 0.007 | 0.1717 | 0.1719 | 0.1717 | 0.9958 | 0.9767 | 0.9968
(400, 600, 15,1, 0,0) - 0.1576 | 0.1571 | 0.1576 | 0.9907 | 0.94 | 0.9933
(400, 600, 45, 1,0.5,0) 0.017 | 0.2171 | 0.2171 | 0.2170 | 0.9935 | 0.9667 | 0.9982
(400, 600, 45,1, 0,0) - 0.1813 | 0.1811 | 0.1814 | 0.9913 | 0.9544 | 0.9978
(400, 600, 15, 0.5, 0.25, 0) 0.019 | 0.1696 | 0.1689 | 0.1697 | 0.9963 | 0.9867 | 0.9968
(400, 600, 15, 0.5, 0,0) - 0.1593 | 0.1588 | 0.1594 | 0.9907 | 0.96 | 0.9923
(400, 600, 15,1,0.5,0.5) 0.018 | 0.1722 | 0.1720 | 0.1722 | 0.9953 | 0.9767 | 0.9963
(400, 600, 15,1,0,0.5) - 0.1621 | 0.1625 | 0.1621 | 0.9908 | 0.95 | 0.9930
(400, 600,15,1,0.5,0) 79 = 0.4 | 0.012 | 0.1668 | 0.1657 | 0.1669 | 0.9933 | 0.9867 | 0.9937
(400, 600, 15, 1,0, 0) - 0.1490 | 0.1484 | 0.1490 | 0.9852 | 0.94 | 0.9875

Table 1: Simulation results for absolute threshold parameter estimation error, average
length of confidence intervals, and average coverage.

We also compute the average length of intervals for the active and inactive parameters,
s =55 Avglength(Ji(8)), fls = (p—so)~ 'Y Avglength(Ji(8)),  (5.2)
ieS iese
and the average coverage for individual parameters,

Cov=p! Z@[ﬁ(]z € Ji(B)], Covg = So Z]P’Bm e J.(8)],

1€[p] i€S

@SCE p—So)~ ZIP’OGJ

i€S¢

(5.3)

where P denotes the empirical probability computed based on the 20 realizations for
each configuration. The results are reported in Table 1. The debiased estimator
performs better for the active parameters. We show the robustness of the debiased
estimator concerning the presence of a fixed threshold effect, the correlation between
the threshold variable and the covariates, and different magnitudes of effects and
varying levels of sparsity.

Figures 3a and 3b show the sample quantiles of Z, where Z = (zl)fp | with
zi = /n (8(1) (T) — oz(())> /\/[é(?)i\]w(?)@(?)’] ~, versus the quantiles of the stan-

0

dard normal distribution for realizations of the configuration (n,p, so,b,b1, pg x) =

(400, 600,10, 1,0.5,0) and (n,p,so,b,b1, pg x») = (400,600,10,1,0,0). The scat-
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(a) Q-Q plot for one realiza-
tion (n,2p, 50,0,b1, pg x2) =
(400,600, 15,1,0.5,0) (with a
fixed threshold effect).

tered points are close to the line with a slope of one and an intercept of zero, which

is consistent with the result of Theorem 4 regarding the standard normality of z;.

Sample Quantiles of Z
3 -2-10 1 2 3

Quantiles of standard normal distribution

(b) Q-Q plot for one realiza-
tion (n,2p730,b,b1,pQ7X(2)) =
(400, 600, 15,1,0,0)  (without
threshold effect).

Additionally, we consider a test for the family of hypotheses {H((]j ) oz((]‘j ) = 0} for
j=1,...,2p. We report the familywise error rate (FWER) based on the Bonferroni

procedure and the empirical power,

Power = s;! Z P (H, ;s rejected) .
i€s
We compare our results from threshold models with those from linear regression
in Table 2. The FWER based on the threshold model is close to the preassigned
significance level of 0.05 and is robust to the magnitude of the threshold effect and
the level of sparsity. Our debiased Lasso estimator for the threshold model has more

power than that for the linear model, even when the threshold effect is small.

5.2 Economic Growth Rate

Durlauf and Johnson (1995) provide a theoretical background for the existence of
multiple steady states in economic growth models. They also consider a broad set
of control variables to check the robustness, but Lee et al. (2016) argue that this
approach still restricts variable selection. Therefore, they apply the Lasso method to

simultaneously select covariates and choose between linear and threshold models when

33



Threshold Model | Linear Model
Configuration FWER | Power | FWER | Power

(400, 600, 15,0.5,0.25,0) 0.049 0.973 0.053 | 0.535
(400, 600, 30,0.5,0.25,0) 0.094 0.941 0.097 | 0.483
(400, 600, 15,0.5,0.1,0) 0.032 0.59 0.051 | 0.503
(1000, 1200, 15,0.5,0.25,0) | 0.050 1 0.061 | 0.615
(1000, 1200, 30,0.5,0.25,0) | 0.101 1 0.107 | 0.533
(1000, 1200, 15,0.5,0.1,0) | 0.069 0.747 0.053 | 0.521

Table 2: Simulation results for FWER and Power from threshold models and linear
models

dealing with high-dimensional data. To further identify the relevant covariates, we
continue applying a threshold regression model to study countries’ economic growth
and analyze the significance of covariates by the debiased Lasso estimator. Our setup
follows Equation (3.1) in Lee et al. (2016),

where gr, is the annualized GDP growth rate for each country ¢ during the period
1960-1985, lgdp60, represents the log GDP in 1960, and X, is a vector of additional
covariates, including education, demographic characteristics, market openness, poli-
tics, and interaction terms. ' We use either the initial GDP or the adult literacy
rate in 1960 as the threshold variable @); following Durlauf and Johnson (1995) and
Lee et al. (2016). The grid interval ranges from the 10th to the 90th percentiles of
the threshold variable. We utilize covariates from Lee et al. (2016) and the dataset
originating from Barro and Lee (1994) and Durlauf and Johnson (1995). With ini-
tial GDP as the threshold variable, we have 79 countries with 46 covariates. With
literacy rate as the threshold variable, we have 67 countries with 47 covariates. The
traditional OLS and MLE are no longer valid because of 2p > n.

Tables 3 and 4 summarize the results with initial gdp and adult literacy rate as
the threshold variables. We reconfirm the existence of the threshold point, as some
values of d, are significantly different from 0. These results thus verify that multiple

steady states exist in growth models. The significance of covariates varies depending

18Table 1 in Lee et al. (2016) provides a detailed introduction to the covariates.
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on the regime. Firstly, when initial gdp is the threshold variable, except for some
common variables that affect both developing and developed countries, a positive
trade shock and a higher percentage of secondary school completion will accelerate a
developing country’s economic growth, whereas participating in an external war will
decrease a developing country’s economic growth. Secondly, when the adult literacy
rate is the threshold variable, in addition to some common variables that affect both
well-educated and less-educated countries, a higher percentage of secondary school
completion will accelerate a less-educated country’s economic growth. Additionally,
the variables selected and the significance of covariates in the threshold model differ
from those in linear regressions. Finally, our selected relevant covariates differ from
those in Lee et al. (2016), but our results are more convincing as we report the

standard error for each significant covariate.

5.3 Government Spending and GDP

Ramey and Zubairy (2018) provide theoretical and empirical background on the effect
of a military news shock on government spending and GDP and use state-dependence
LP to estimate impulse responses. Later, Adamek et al. (2024) reestimate the impulse
responses through a state-dependence HDLP specification while including more lags
for a robustness check. However, the threshold point defining the state of the economy
by Ramey and Zubairy (2018) and Adamek et al. (2024) is based on a predetermined
standard. For example, defining the state as slack when the unemployment rate
exceeds 6.5 percent (the US Federal Reserve’s standard). A state is defined as a zero
lower bound (ZLB) when the 3-month Treasury bill rates are below 0.5 percent. We
thus apply a high-dimensional local projection threshold model to find a theoretically
more accurate threshold point to define the state and estimate the impulse responses

accordingly. The model is as follows,

K K
Yiin = ﬁh,o+5h,1$z'+z z_ . Phopt+1{Qi-1 < T} <5h,o + opaz; + Z Zz/-_k5h,2,k> +Uh,
k=1 k=1

(5.5)
where Y; includes real per capita GDP and government spending, x; is the military
spending news shock, z; includes lags of the news, GDP, government spending, and
tax. We use a quarterly dataset from 1889Q1 to 2015Q4 which is available at https:
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//econweb.ucsd.edu/~vramey/research.html#govt. ' The time series length is
161, spanning a long U.S. history. It includes many prolonged periods of slack and
extended periods of near-zero bound, allowing us to estimate the impulse responses
over reasonable horizons with non-changing states. We use one lag of the 3-month
Treasury bill rate or one lag of the unemployment rate as the threshold variable. 2°

When one lag of the 3-month Treasury bill rate is the threshold variable, we take
K = 20, and search for the optimal point in the interval [0,4] (0 and 4.23 are the
lowest value and the 70th percentile, respectively, of the threshold variable) by steps
of 0.05. We try horizons from h = 1 to h = 5 for a robustness check and derive that
the potential threshold points are 0.45, 0.5, and 0.55. There are only two periods
with a 3-month Treasury bill rate in the range of [0.45,0.55], so any of the three
points can be the optimal threshold point. We then define the state as ZLB when
the rate is below 0.45 (the estimate when h = 1) and the normal state when it is
above 0.45. Figure 4 shows the impulse responses to a military spending news shock in
government spending and GDP. Compared to Figure 11 in Ramey and Zubairy (2018),
for government spending, the peak of the responses occurs at the same horizon, and
the peak magnitude is slightly larger in the ZLB state. In the normal state, the peak
occurs at the same horizon, and the magnitude is slightly smaller. However, for GDP,
the peak occurs 2 quarters earlier, and the peak magnitude is larger in the ZLB while
the response is insignificant in the normal state.

When one lag of the unemployment rate is the threshold variable, we take K = 20,
and search for the optimal point in the interval [3,10] (3.36 and 10.57 are the 10th
and 90th percentiles, respectively, of the threshold variable) by steps of 0.1. We
also try horizons from h = 1 to h = 5 for a robustness check and obtain that the
potential threshold points are 5.6, 5.8, 6.0, and 6.2. The impulse response patterns
are similar when using these potential points to split the sample. Therefore, we define
the state as the low unemployment state when the unemployment rate is below 5.8
(the estimate when h = 1) and the high unemployment state (slack state) when it is
above 5.8. Figure 5 shows the impulse responses to a military spending news shock

in government spending and GDP. Compared to Figure 5 in Ramey and Zubairy

9Gection I1.B in Ramey and Zubairy (2018) provides a more detailed description of the data and
variables.

208ection IV. A. and Section V.A in Ramey and Zubairy (2018) present the narrative reasons for
the choice of the variable to define the state of the economy.
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(2018) and Figure 4 in Adamek et al. (2024), for government spending, the peak
of the responses occurs earlier but lasts longer, and the peak magnitude is slightly
smaller in the slack state. In the low unemployment state, the patterns are very
similar. For GDP, compared to Figure 5 in Ramey and Zubairy (2018), the peak of
the responses occurs 5 periods earlier, and the peak magnitude is slightly smaller in
the slack state. In the low unemployment state, the peak occurs at a similar horizon,
and the magnitude is slightly larger. While comparing to Figure 4 in Adamek et al.
(2024), the peak of the responses occurs 2 periods earlier, and the peak magnitude
is slightly smaller in the slack state. In the low unemployment state, the pattern is
similar and the peak magnitude is slightly larger. In addition, the impulse responses

are insignificant at horizon 0 in the linear, high, and low unemployment states.

6 Conclusion

In this paper, we propose a debiased Lasso estimator for high-dimensional slope pa-
rameters in threshold regression models, allowing for either cross-sectional or time
series data. We derive the asymptotic distribution of tests involving an increasing
number of slope parameters and construct uniformly valid confidence bands. We
show that the asymptotic distributions are the same in the cases with no thresh-
old effect and a fixed threshold effect. Notably, our study allows for less restrictive
assumptions than existing research in high-dimensional threshold models, accommo-
dating heteroskedastic non-subgaussian error terms and non-subgaussian covariates.
Future research directions could include generalizing uniform inference theory to dy-
namic panel data models with threshold effects and extending the current framework

to models with multiple threshold points or multiple threshold variables.
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Table 3: Estimates and standard errors (in parentheses) with @ = gdp60

Linear Model Thr(;s};cﬂ;g?lgodel
B B
lgdp60 —0.0172%* —0.0139% -
(0.0004) (0.0004)
sy, 0.0078*** 0.0070"** -
(0.0018) (0.0018)
pyrf60 - - —0.0002*
(0.0024)
syrf60 - - (—7.9203 x 107°)*
(0.0015)
nof60 0.0019*** - (8.1229 x 1075)***
(0.0008) (0.0009)
secemb60 0.0047*** - 0.0062***
(0.0019) (0.0024)
seccf60 - (—9.8805 x 1075)* -
(0.0016)
llife 0.0349** 0.0200%** -
(0.0008) (0.0008)
Ifert —0.0136*** —0.0127** -
(0.0021) (0.0021)
edu/gdp 0.0615%* 0.1203*** -
(0.0766) (0.0772)
gcon/gdp —0.0767"** —0.0840*** -
(0.0274) (0.0272)
revol —0.0007** —0.0017*** -
(0.0101) (0.0107)
wardum —0.0036*** —0.0003* —0.0033***
(0.0041) (0.0039) (0.0044)
wartime —0.0140*** —0.0190*** -
(0.0057) (0.0132)
lbmp —0.0230"** —0.0234*** —0.0007**
(0.0091) (0.0085) (0.0088)
tot 0.0798*** - 0.0971***
(0.0526) (0.0931)
lgdp60 x pyrf60 (1.6110 x 1072)** - (—3.4547 x 1075)**
(0.0003) (0.0004)
lgdp60 x syrf60 - - (3.0148 x 1073)***
(0.0002)
lgdp60 x prim60 —0.0004*** —0.0004*** -
(0.0001) (0.0001)
lgdp60 x seccf60 - (—1.4203 x 107%)* -
- (9.3643 x 1079) -
lgdp60 x secem60 - - (2.5449 x 1072)**
(0.0003)

Note: *** p<0.01, ** p<0.05, * p<0.10.




Table 4: Estimates and standard errors (in parentheses) with @ = Ir

Linear Model

Threshold Model

7 =83
B )
lgdp60 —0.0138*** —0.0090%** -
(0.0004) (0.0004)
sy, 0.0086*** 0.0085*** -
(0.0018) (0.0018)
pyrf60 - - —0.0002*
(0.0023)
secemb60 0.0045*** - 0.0061***
(0.0019) (0.0025)
llife 0.0267* 0.0158*** -
(0.0008) (0.0008)
Ifert —0.0138*** —0.0132"** -
(0.0021) (0.0021)
gcon/gdp —0.0717*"** —0.0732*** -
(0.0284) (0.0275)
revol —0.0013*** —0.0009** -
(0.0105) (0.0111)
wardum —0.0011*** —0.0010*** —0.0003*
(0.0042) (0.0040) (0.0043)
wartime —0.0195*** —0.0245"** —0.0023**
(0.0074) (0.0173) (0.0205)
Ibmp —0.0176*** —0.0148*** —0.0008**
(0.0092) (0.0085) (0.0090)
tot 0.1210** —0.0637*** 0.0112**
(0.0436) (0.0789) (0.0813)
lgdp60 x pyrf60 (—8.6678 x 1075)*** (—2.2235 x 1075)** | (4.3976 x 1075)***
(0.0003) (0.0003) (0.0004)
lgdp60 x hyrm60 0.0001*** (5.9845 x 1072)*** -
(0.0002) (0.0001)
lgdp60 x nof60 0.0003*** (1.0465 x 1072)*** -
(0.0001) (4.1041 x 1079)
lgdp60 x prim60 —0.0002"** —0.0003*** -
(0.0001) (0.0001)
lgdp60 x prif60 (—8.0069 x 1075)*** —0.0001*** (—4.1852 x 1075)***
(0.0001) (0.0001) (0.0002)
lgdp60 x secem60 - - (3.4412 x 107%)**
(0.0004)
lgdp60 x seccf60 (—1.0598 x 1073)** - -
(0.0002)

Note: *** p<0.01, ** p<0.05, * p<0.10.

39




Linear model State-dependent model

(@] o
£ =
e E
O 0.754 5 0.75 4
[eR (o
v .50 »  0.504
- -
c c
@© 0.25- O 0.25-
£ 1=
£ o0.00 £ 0.00-
g g
o _0'25-1 T T T T O _0'25- T T T T S
o o 5 10 15 20 O 0 5 10 15 20 Otate
Horizon Horizon —_ —
0.75 4 0.75 1 TEu .
= —
o N
=z
0.50 1 0.50 -
o o
8 0.25 8 0.25 -
0.00 0.00
0 5 10 15 20 0 5 10 15 20
Horizon Horizon

Figure 4: Impulse responses to a military spending news
shock of the size of 1% of GDP in government spending and
GDP.
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7 Appendix A

We first recall the concentration inequality from Chernozhukov et al. (2014) and
Chernozhukov et al. (2015), as formulated in Lemma 2 of Chiang et al. (2023), to
derive oracle inequalities. For notation, C' is an arbitrary positive finite constant, and

its value may vary from line to line.

Lemma 2 (A Concentration Inequality). Let {X;}I, be p-dimensional independent

12
random vectors, B = \/E {maxlgign maxi<;<p Xi(])‘ } and 0% =

N2
maxi<j<, 1/ny | F [(Xf”) 1 . For C > 0, with probability at least 1 — C(logn)™1,

n

%2 <Xi(j) & [Xi(j)D

a2log(p V n) N Blog(p V n)
n n

max
1<j<p

~Y

Without loss of generality, we will assume p > n throughout the appendix.

Lemma 3 (A Concentration Inequality for Partial Sum of Random Variables). Let

{X:}, be p-dimensional independent random vectors, B =

\/E |:maX1§i§n maXj<j<p

0, with probability at least 1 — C(logn)~!, we have

12 2
Xi(J)‘ ] and 0? = maxi<j<, 1/nd> ¢ | E {(Xf”) ] . For C' >

k

5 (0 -]

1=

2
<./ log(pn) , Blog(pn)
n n

(1) max max

1<j<p 1<k<n ’

k

(0 -]

i=q

atlog(pn?)  Blog(pn®)
n n '

(77) max max
1<j<p 1<q<k<n

~Y

Proof of Lemma 3. Denote a deterministic upper triangular matrix with all elements
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equal to one by =, ,, :

1 1
En,n =1. . . I (7~1)
0 0 1

Let fi(k) be the i-th row, k-th column element of =, ,, and E}q) be the i-th row and
g-th column of the transpose of =, ,,, denoted by Ez’n

To prove (i), write
k

Z <Xz-(j) - K [Xi(j)D‘ = max max
. 1<j<p 1<k<n

=1

n

Z ( X9 _p { Xi(j)]) ¢®

=1

max Imax
1<j<p 1<k<n

and X i(j )ﬁi(k) is a independent random variable. Due to the speciality of matrix =, ,,, we

. 2 N2
obtain max; <<, maxj<g<, 1/nY o | E [(X}”gf’”) } = max <<, 1/nY o B [(Xﬁ) }

X k)‘ :| \/E |:maX1§i§n maxi<j<p

O' and E [maX1<l<n maxi<g<n Maxi<j<p
= B. Then applying Lemma 2 yields

n

NG CAEEE

(i) thus holds with probability at least 1 — C'(logn)~'.
Next for (ii), write

a?log(pn)  Blog(pn)
n n

max Imax

1<j<p 1<k<n ’

k
Z (Xz-(j) - K [Xi(j)D| = max max
1<j<p 1<q<k<n

i=q

n

Z ( X9 _ g [ ij)]) (W)

=1

max max
1<j<p1<q<k<n

and X G )5 ?’“)E(q) is a independent random variable. Similarly, due to the speciality of
: 2
matrix =, ,, and Z , we obtain max;<j<, maxi<g<p<n 1/n Y E [(X,(J)€§k)gl(q)> ] _

7 7

)

. 2
n J 2
max<j<p 1/n) i E {(‘Xi( )> } = 0% and \/ E [max1<i<n Maxi<g<k<n MaXi<j<p
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127
= \/E {maxKKn maxj<;<p Xi(j)’ = B. Then applying Lemma 2 yields

n

. - 3 5 )
l Z (Xz'(J) _E Xi(J)D £Z‘(lc)gq) <. /C log(n?p) . Blog(n®p)

~Y )
n < n n
=1

max max
1<j<p 1<q<k<n

(i) thus holds with probability at least 1 — C'(logn)~. O

7.1 Proofs for Section 2.2

To establish the prediction consistency of the Lasso estimator, we define some regu-

larized events and provide some inequalities.

Lemma 4 (Regularized events A; and Ay). Suppose that Assumption 1 holds and set
A by (2.8). Let puy = p/A and define the events

1 <& N\ 2 1 <& . 2
_ - () 2 _ L () 2
Ay = {113% . ;:1 (XZ ) <024 ul/\} A {lr%;gpn ;:1: (XZ (t0)> > (2 MA} ,

. .1 )2 _
In particular Ay C Al = {gljlgp - Z (Xi(j)) > (2 — /Ll/\} ,then P(A;) >1— C(logn)™!,

P(Ay) > 1—C(logn)™, P(A}) > 1 — C(logn)~ ', and P(A;NAy) >1— C(logn) ™.

N4
Proof of Lemma 4. Under Assumption 1, let 02 = maxj<j<, 1/n> ¢ | F {(Xi(j)) ] <
C4, which is bounded, and B = \/M% ,; by Lemma 2,

%g ((Xi(j))2 B {(Xi(j)rD

holds with probability at least 1 — C'(logn)~!. Thus, with probability at least 1 —
C(logn)™,

Ly : log(p)
- X(J) < N\ g 2 TNy
i 2 (50) o 23 [ ()] ¢ o)

which implies that A; holds.

log(p)

max
1<j<p

~
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. 4
Next, consider A,. Similarly, under Assumption 1, let 0 = maxj<;j<, 1/n> ¢ | E {(Xi(] )(t0)> ]

< C3, which is bounded, and B = |/ M%, < /M3 y; by Lemma 2,

D (CXO 0 )

holds with probability at least 1 — C'(logn)~'. Thus, with probability at least 1 —
C(logn)~,

e . , 1 log \/W
121]'1%7 ni= ( Fl) R 15%’ N3 { }

which implies that A, holds. By the same steps, we can obtain that A} holds with
-1

< [log(p)

max S
n

1<j<p

probability at least 1 — C'(logn)
Since P(A1 NAy) > 1— P(A]) — P(AS), we prove the lemma. O

Lemma 5 (Regularized events Az and Ay). Suppose that Assumption 1 hold and set
A by (2.8). Let us = 2pu,/Cs and define

o M2/\
Ag = {f?m X0 ZUX }
1
Ay = {Ejaé?ilelTHX— ZUX 1{Q; <7} < }

Then, P(A3)>1-— C’(logn)’l, P(Ay) >1—C(logn)™, and P(AsNAy) >1—C(logn)™*.

N 2
Proof of Lemma 5. Under Assumption 1, let 02 = maxj<j<,1/nd ;| E [(UiXi(])> } ,
which is bounded, and B = /Mg, by Lemma 2,

(
EZUXJ

log(p)

max )
n

1<5<p

holds with probability at least 1 — C'(logn)™", and conditional on A,

1 1¢ )
HXU)HnE;U"XZ’

1 log(p) _ mA
™ minj<jc, | XD, n = Cz

max
1<5<p
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We thus obtain that Az holds with probability at least 1 — C'(logn) ™.
Next, consider the event Ay. Since we have n observations, sort {X;, U;, Q:},
by (@Q1,...,Q,) in ascending order. Given the sorted );, the supremum over 7 is

achieved at one of the points Q. Thus, for j =1,...,p,

Lo
s gy [ 500 }
1 ) 1%5) A
>P . max si U X;’ < =
- {min1§j§p\|X(”(fo)|| 1920 et nz -2 }

k
:P{max s leinj poA \\X(j)(to)Hn}

1<j<p1<k<n |n 4 2 1<i<p
P

k
o s 15 0ix0)] <[220

1<j<p 1<k<n M 4 n

N2
Under Assumption 1, let 0? = maxj<j<, 1/n> ;' | F [(UQ(}”) } , which is bounded,
and B < /Mgy, by Lemma 3 (i), with probability at least 1 — C(logn)™*,

(9)
EE:UX]

which implies A4 holds. O

log(p)

n

max max
1<j<p 1<k<n

)

We will follow appendix C in Lee et al. (2016) to establish our oracle inequalities.
Define Jo = J(ap), D = D(7), D = D(7) and R, = Ry,(c, 7), where

Ro(a,7):=2n""Y UX[5{1(Q; <7) - 1(Qi < T)}.
=1

Lemma 6. Conditional on the events Ay, Ay, As and A4, for 0 < pu < 1, we have

2
<2

{ﬁ@—aﬂh

+u—mwﬁ@—a@1 %ﬂHﬁ%LﬂD%H+Rm
1

|7 fo

n

(7.2)
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2

|7 fo — G2 (73)

+(1—p )\‘Da—ao)

<2)\‘D Oé—O./OJ

n

Lemma 6 directly follows from Lemma 5 in Lee et al. (2016), so the proof is

omitted.

Proof of Lemma 1. Conditional on the events A, Ay, A3z and Ay, the three terms on

the right-hand side of (7.2) can be bounded as follows by using Holder’s inequality:

160l, A\/C2 + g, (7.4)

D@~ a)s \ HDH — a0)sly < 1@ — a0)sly \/CF + (7.5)

p
[Ra| < 2mz [X, 165| <

oo,

‘(D D)ag

<D =D|_lach < 2lacl, /€3 + mA (7.6)

Combining (7.4), (7.5) and (7.6) with (7.2) yields

2

N

|75

<(201@ = a0 lly + 2 lawlly + 262 1dolly )A (CF + )

§<6 + 2,&2)01 (022 + ,ul)\)§ 50/\.

n

7.2 Proofs for Section 2.2.1

Our first result is a preliminary lemma that can be used to prove adaptive restricted

eigenvalue condition.

Lemma 7. Suppose that Assumption 1 hold, with probability at least 1 — C(logn)™1,

we have
L Z” ,_ 1 Z” , log(p)
— X X —— F|X. X = A
ne- o n= [11]00 OP< n ’
BN ;1 - ’ o log(p)
ilé’rﬂ‘) "2 X;(1)X(7) - ;1 E[X;(m)X;(1)] ) =0Op ( - ‘
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, 2
Proof of Lemma 7. Under Assumption 1, let 02 = maxj<j;<, 1/n> ;| E [(X}”Xf”) } ,

which is bounded, and B = \/M%, by Lemma 2, with probability at least 1 —
C(logn)~,

1 ; ; l
max =3 (xPx - B[(xPx"])| < 29(p), (7.7)
15502p |n &= n
implying that
max Z ( : > — —ZE [ X(l)] =0 log(p)
1<ji<p | n 4= ! P n '
Next, sort (X;,U;, Qi)™ by (Q1, ..., @n) in ascending order, we have
P ¢ max sup 12<X(J QZ<T)—1(QZ<T)E[X(j)X(l)}> <t
1<5,1<p Teqr n Lo -
(7.8)

ZIP’{ max max

1<5,l<p 1<k<n

1 . ,
=3 (x0x0 - B[xPx1])| < t} .
n

=1

I . 2
Under Assumption 1, let 0% = maxj<ji<, 1/nd 0 | E <Xi(])Xi(l)) } , which is bounded,
and B < \/M%, by Lemma 3 (i), with probability at least 1 — C(logn)™1,

log(p)
max max —_—,
1<j,l<p 1<k<n n

k
‘Z ( X9 x® _ [ij) Xf”D <
n

=1

implying that

%Z Q,<7’——ZE[ QZ<7')]

sup max
reT 1<7,1<p

Now we consider the empirical UARE condition. Define
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. / / 1/2
k(s0, o, T, X) = min min (v'1/nX (1) X (7)7)

Y
T€T  JoC{L.2p}lJol<so  v#0 gl <colvseh 17.161l2

and recall Assumption 2 (2.10)

'E1/n Y X (1) X ()] )2
K(So0, co, T, ¥) = min min min i [/nZFl (n)Xi(1)]7)

> 0.
€T Joc{l,..2p}[Jo[<so 70,y sgli<colvg H”YJOHQ

Lemma 8. Suppose that Assumptions 1-2 hold, let

T, 3)2 -
Ay im {% < R T. E>2}7

Aj holds with probability at least 1 — C(logn)™t.
Proof of Lemma 8. Write

-3 X)Xl

VLXK (YX (7))

v (%X(T),X(T) —F

> |Y'E

v(%xuvx&»—E

%Z&m&wb

By Holders’ inequality,

1
<l |- X () X(r) - E

%Z&mxm]
(7.9)

%Z&m&mbv

i=1

? o)

According to the defined restriction set, we have

7y < aoly + | LS (M +co) [V ly < (1 + co)v/50 [V ly s

thus 12— < (1 + co)+/50. Dividing (7.9) by |y, |5 yields

‘VJ0’2
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VX)X WENL/YEEL Xi(m)Xi(1) ]

2 2
|P)/J0|2 |’yJO‘2

< |'7j'1‘2 Lx(yx(n) - B %ZXAT)’Xm]
< (1 )P0 |+ X (rY X (r) — B [X,(7)Xi(7)]

Meanwhile,

VER/n i Xi(n)Xi(r) ]y [Y1/nX (1) X (1)1]

|7ﬁJ§ |7ﬁJ§
< [P/ X (D) X ()| _ Y E[L/n > iy Xi(1) X (1) ] ]
B Vol Vol

We thus obtain

VX (r) X (T)y] o WE[/nd, Xi(r)Xi(r)]]

2 = 2
"YJ0|2 "YJ0|2

(Ut coso |~ X (1Y X () ~ B

Minimizing the right hand side over 7 € T yields

X ()X (Nl W E S X0 X7

2 2
V6 el V012

X(r)X(r) - B

— (1 + ¢p)®spsup
TeT

Then minimizing the right hand side over {y # 0, |ysc|1 < colvs,|1} yileds

Lx(ryx(r)-E

n

"T/nX (1) X
|7 /n (T)z (7_)’7| > :‘i(Co,T, 2)2 o (1 4 60)250 sup
76 |5 €T

The above inequality holds for all 7 € T and {7 #0,|ve

1 < colvsl1 }, S0 we minimize
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the left hand side over 7 € T and {y # 0, |vsc| < colv,)1} and derive

LX (1) X(r) ~ E[X,(r) X,(7)

/I%(COa Ta 2)2 Z KJ<CO7 ']Ta 2)2 - (1 + 60)230 sup
n

T7eT

‘ o0

(7.10)

1
< (V).
n

thus, with probability at least 1 — C'(logn)™, (1 4 co)?sosup,cr ||1/nX (7)) X (1) —
El/nd " Xi(1)Xi(1) ] || < R(CO’TT’E)Q, we prove the lemma. O

By Lemma 7, with probability at least 1 — C(logn)™,

ZXEVXE) = S Bl Xilo)

(1 + co)?spsup

T€T || T

Lemma 9. Suppose that 69 = 0 and that Assumptions 1 amd 2 hold with kK =
K (H—“ T, Z) for p e (0,1). Let (a,T) be the Lasso estimator defined by (2.4) with

1—p’

A= %—Vb\/%p. Then, conditional on events Ay, Ay, A3, Ay and A5, we have

|7- 5| < %ﬁ (\/05 +m) VoA,

N 44/2 C2 + g\

a—ogl, <
| 0’1 (1_/1“)’{2 \/Cg—,ul)\

Proof of Lemma 9. Following the proof of Lemma 9 in Lee et al. (2016), conditional

80)\.

on events Aq, Ay, Az, Ay, and Aj, we have

~ 2 ~ ~
|7 = fol| + (1= mA| D@ = 0)| < 20| DiG a0 (7.12)
which implies that
~ 1+p1a, -
HD(Oé — Oé())JOC . S m ’D(O[ — Qo)JO ) (713)

And we have,

20



~ 2 o~ 2 9 o~ 2

k|| D@ — o), < 28 |D(@ — co)a|, < [ X D@ - o)
2 2 mn 2
) . N 9 D)?
— 2(@— ) DX(F)X(FD(@ — ap) < max(D) @ — ao) X@) X (7)(@ — ao)
n
o~ ~ 2

= 2max(D)? ‘f — fol -

Combining (7.12) with (7.14) yields

Hf— Jo i < 2) ‘f)(& — Qo) J, @\/%max(ﬁ) HJ?— f0Hn7

< 20/50 ‘ﬁ(a — o)y,
1

<
2

then conditional on A;, we obtain

24/ 2
2 (\/o; +m) N

Next, conditional on Aj, Ag, Ay and Ay, by (7.13) and (7.14),

|7 fo

~

‘f) (@ — ao)(l - (13(@ — o) + ‘D(a — ag)se

S2(1= )7 50 |D(@ — ao)

< e vamax(D) |7 - £, < % max(D)? < (14_%30(03 ),
(7.15)
conditional on AJ,
‘f) (@—ao)| = min(D)[a = aol, = /CF = mA[a = aol, (7.16)
we thus have A W €24
& — agl; < 1= mso)\. (7.17)
UJ

Proof of Theorem 1. The proof follows immediately from combining Assumptions 1
and 2 with Lemma 9. Specially, P(A; N Ay N A3 N A, NA5) >1— C(logn)™ . O
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7.3 Proofs for Section 2.2.2

The following lemma provides an upper bound for |7 — 7| .

Lemma 10. Suppose that Assumption 3 holds. Let

1 1
n* = max {min |Qi — 7ol E<201(3 + 112) (CF + mA)? 50)\)} :
i 4
then, conditional on the events Ay, As, Az and A4, we have
|7 — 10| <"

Proof of Lemma 10. Following the proof of Lemma 11 in Lee et al. (2016), conditional

on the events A, Ay, Ay and A4, we have

~

Sn = Splao, m0) > HJ?— Jo i

)\ ‘f)(a - ao)‘ “ R, (7.18)
1
and

(S0 + 2 (ﬁau — [Su(c0, T0) + A | Dal,]

S 1= £l —2/\‘ﬁ(A o), —)\‘|Do¢0|1—‘Da‘ ‘— L
> | f - fo <6>\\/C2—l—ul)\C’lso—l—ng)\\/CQ—i—ul)\C’lso) (749
> 7= fll ) (201(3+m) (C2+ mA)? SQ/\) >0,

the second inequality in (7.19) is obtained by applying (7.4), (7.5) and (7.6) to bound
the last three terms, and the last inequality follows from Lemma 1.

Now suppose that |7 — 79| > n*, then Assumption 3 and (7.19) together imply that
~ ~ . 2
[Su+A|Dad| | = [Sula0, ) + AIDaoly) = ||F = fol| = Can >0,

which leads to contradiction as 7 is the minimizer of (2.4). Therefore, we have proved

the lemma. N

Lemma 11. Suppose that Assumption 1 holds, then for any n > Clogp/n > 0,
with C' > 0, there exists a finite constant Cs, such that with probability at least 1 —

02



C(logn)~",

IR
sup sup — Z ‘Xi(j)Xi(l) 11(Q; <m) —1(Q; <7)| <Csn, (7.20)

1<Gl<p |r—7o|<n T

n

sup = Z Ui X600 [1(Qi < 70) —1(Q; <7)]

_ n
IT T0‘<’r] i=1

A
< 21
<2 (7.21)

E

Proof of Lemma 11. Under Assumption 1, @); is continuously distributed, and
E <Xi(j )Xi(l)|Qz‘ = 7‘) is continuous and bounded in a neighborhood of 7 for all 1 <
J.1 < p, and by (7.7), (7.20) holds immediately.

To show that (7.21) holds, we sort {X;,U;, Q;}", by (Q1,...,Q,) in ascending
order, and obtain

Pl sup
|T—T0|<n

n

% > UG [1(Qs < 1) — 1(Qi < 7)]
=1

<m)
- 2

max{in(rotn)lny |2

1 A
>P| |- > Ul <———
n i=min{1,[n(t0—n)]} 2\/§hn (T’>
_ 1/2 \
=P| sup |= > U[1(Qi<m)—1(Qi<7)] < )
|r—7ol<n | T Zz:; Qﬂhn(n)

under Assumption 1 (iv), with n > Clogp/n > 0, by lemma 3, (7.21) holds with
probability at least 1 — C(logn)™!. O

We now provide a lemma for bounding the prediction loss and the [; estimation

loss for ap. To do so, we define the following G, G5 and G3:

-1
12 (C2 + i\
Gy =\/c, + (2\/03? - uM) Cslldollrer, G2 = %

:2\/5 (C3 + mA)2 VC5Cy

K

D=

Gs

(cacr)? .

Lemma 12. Suppose that |T — 19| < ¢, and |a@— |1 < ¢q for some (¢, cq). Suppose

that Assumptions 2 and 4 hold with S = {|7 — 71| < ¢}, Kk = K (so, %,S, Z) for

23



0 < pu < 1. Then, conditional on Ay, Ay, Az, Ay, and As, we have

Hf— Jo i <3\ {G1 V GaAsg V G/ 80|50|1}7

~ 3
|Oé—Oé()|1 S (1 u)m'{GIVGQ/\SO\/va SQ|50|1}.
— s —

Proof of Lemma 12. The proof follows that of Lemma 12 in Lee et al. (2016). We

have

2071 Y U6 {L(Qi <7) — Qi < )}

i=1

R.| = <AVG, (7.22)

by (7.21). Conditioning on Ay, the triangular inequality implies that

S (X2 @), - [IX9 (w)]],) (55

J=1

Hﬁao‘ — |DO./0|1) S
1

X9 @), = 11X @l | |55

< Z 21X @w)],)"
<Z @x9 w),)" |o
< (2\/ C3 — ,u1>\> h 60]1C5¢7,

where the last inequality is by Assumption 4. We now consider two cases:
N -1
1) ‘D(&\ — OZ())JO <2 C% — ,u1>\> C5|50|1C7— and
1

~ -1
(i) ‘D(& - ao)h\l < e+ (20— pd) - Colles.
Case (i): Combining (7.22) and (7.23) yields

~1
(2\/032—M1/\) |00]1C5(cr + Aer) + Aer

< )\‘ﬁ(a—ao)Jo‘l.

(7.23)
‘1{Qz<7—}_1{Qz<7—0}’

Z’X(J

Cr

)\Hﬁ@o
1

Along with (7.2), we have
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2

F= 1| +0=mA[D@E - a0)| <37|D@ - a0)a . (7.24)
which implies
(1= )| D@ a0)| <3|D(@—ao)|
Then, subtracting (1 — p) ’ﬁ(@ — ap)y,| from both sides yields
1
‘ﬁ(a R ‘ﬁ(a — a); (7.25)
ol = 1—p I

In this case, we are applying Assumption 2 with adaptive restricted eigenvalue con-
dition K (so, TJ_F—Z, S, E). Since |T — 1| < ¢, Assumption 2 only requires to hold with

S in the ¢, neighborhood of 75. As d¢ # 0, (7.14) now includes an extra term

2

o > 2|
#*|D(@ - ao)s, < |XAD@E - a0)|,

2 (24 o\ A~
2§2/€ <ﬁ7872) )D(Oé_OéO)JO

~ |2 ~ 2 1 <& Tk R
sz]p] Hf—foH +20a|50]18upﬁZ‘Xi 11(Q; < 1) — 1(Qs < 7)|

<2(CF + mA) (H]?— foHi + 205|50|1Ca07)),

where the last inequality is due to conditioning on events A; and Assumption 4.
Combining this result with (7.24) yields

|7~ 5o i <3A|D (@ - o), | <305

D (@ - ao),),

. 9 1/2
< 3\/50 (2{2 (C2 + ) ( Hf - foHn + 205|50|1ca07)>) .

Applying a + b < 2a V 2b, we get the upper bound of H]?— fo
and As,

on Ala AQa A?n A4a

N[

2 2 2
< 36 (C3 :’MI)‘) A5 V 6v2(C5 + )

n K KR

\/C C
> 1>\ V 30’(50’1 (CaCT)1/2 .

|7 5o

We next derive the upper bound for ||&@ — a|,, using (7.25),

95



o 3 R 5 1/2
min(D)[d — aol, < 77— v/& (2,@—2 (C2+ ) (Hf - fOH +20acTC5|50|1>)

3v2 .
G (I
(1—,UJ)I€\/%<( 2+N1)( f fO
where the last inequality is due to conditioning on Ajz. Then using the inequality that
a+b < 2aV2bwith (7.17) and (7.26) yields

9 1/2
+ 2C’5|50|lcac7—) > 3

2 2
36 : (C’Q;L,ul)\) Nsg V 6v2 /O3 ‘I;,ul)\\/ Cs \/M(CQCT)UQ‘
(1= p)r? \/CF — A (L=nk /O3 — A

Case (ii): In this case, (7.2) shows

2 —1
S 3\ <\/a+ (2\/ Cg — [Ll)\) C5|50|1C7—> s
3 —1
@ - agl, < N (2\/02—;@) Coldolies | .
P (1= ) /CE = ’

which provides the result. O

o — a0|1 <

|7 1o

We further tighten the bound for |7 — 75| in the following lemma using Lemmas

10 and 12.

Lemma 13. Suppose that |T — 19| < ¢, and |@ — ap|; < ¢q for some (c;,c,). Let
n=C; '\ ((1 + 1) \/C§ + pAca + G1> . If Assumption 3 holds, then conditional on
the events Ay, Ay, Az, and A4, we have,

|? — T0| S 77
Proof of Lemma 13. The proof follows that of Lemma 13 in Lee et al. (2016). Con-
ditioning on Aj, Ay, Az, Ay and (7.21), we derive

25 [oxi (B -5) +Uixin @i <7) (5- )]

=1

< N)\ (\/ 022 +/JJ1/\) Ca,
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and

<AV

%Z UiX160[1(Qi < 7) — 1(Q; < )]
=1

Suppose 1 < |T — 79| < ¢;. As in (7.18),

2
— p,)\ (\/ 022 + Ml)\Ca) — )\\/a

~

Sp, — Sn(an, 7o) > Hf— Jo

Additionally,

[Su+A|Da| | = [Su(a0, 7) + ADaol,
> H]?— Jo Z— A (\/ C3 +M1>\Ca) —2[dol1Av/er — A <‘1A)(&— ao)‘l + )(ﬁ - D)%L)
> Cyn — ((1 + 1) <\/C§ + u1>\ca) + Gl) A,

where the last inequality is due to Assumption 3, Holder’s inequality and (7.23).
Since Cyn = <(1 + 1) /C3 + 1 Acy + G1> A by definitation, similarly to the proof
of Lemma 10, contradiction yields the result. O

There are three different bounds for |o — ap|; in Lemma 12 and the two terms G4

and G5 are functions of ¢, and ¢,. We thus apply Lemmas 12 and 13 iteratively to

1
2 2
tighten up the bounds. We start the iteration with A0 = 24 (3+u2)c(402+u1/\) SoA from
© (201(3+u2)>(022+u1)\)%
the results of Lemma 10 and ¢y’ = —So from (2.9) in Lemma 1.

(1—#)(03?—#0\)7

Lemma 14. Suppose that Assumptions 1 to 4 hold with S = {|T — 10| < n*}, Kk =
K (so,?_r—/’j,S, 2) for 0 < u < 1. Let (@,7T) be the Lasso estimator defined by (2.4)
with X given by (2.8). In addition, there exists a sequence of constants ny, ..., Ny for

some finite m*. With probability at least 1 — C(logn)™', we have
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2
< 3G2)\2807
3

‘a—ao‘ S GQ)\S(),
P (1= w)/CE =

2
‘7/:_ 7_0’ < 3(1 +:u> (02 + :ul)‘) +1 LG2)\250.
(1= @) V/(CF = ) Ca

Proof of Lemma 14. The proof follows that of Lemma 14 in Lee et al. (2016). The

iteration to implement is as follows:

|7 fo

[

1

2 2

Step 1: Starting values A0 = 2C1(3-p2) (O +m) SoA and 0 = <201(3+M2)> (GH+e)
. T C (0%

‘ (1—u1)(0§—u/\)%

So-

Step 2: When m > 1, define

-1
G = csm‘”+<2,/0§—mx) Cs| 0|1,

1
qimy _ 2V2(C8 + mA)* VGG \/C<m—1)c<m—1>
3 o « T I
3 m— m—
m) — . {Gg 1)\/Gg)\so\/Gé 1)\/80\50|1},

(1= p)\/CF = A

m )\ m m—
cl ):54 ((1—1—/1)\/022—1—/11)\0& )+ Gl 1)).

Step 3: We stop the iteration if {Ggm) V GaAsg V Ggm)\/so|50|1} keeps the same.
Suppose the rule in step 3 is met when {GS’") V GaAsg V Ggm) 30||60||1} = Ga\sp,

then the bound is reached within m*, a finite number of iterative applications. We

have

ol

[eA “ O\ (-3 —
2 (m—1) 2
(AT ) o L (W00

Q

1\ L=pVC5 — A GzAso Co \ (1= p)VC5 — mA
(7.27)

as GY’H) > 0, GaAsg > 0 and c&m) > 3 (Gy)sg.

(1—p)A/C3—pA
58
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Note that (7.27) shows A > Csy-2L logp , which is a necessary condition to apply

(m+

Lemma 10 through Lemma 13. Then cq is the bound for |&@ — agl, . Then,

* )\ * m*
A = o ((1 + 1) \/CF + A + G )>
4

- 04 04

(1= p)v/C3 — mA

which is the bound for |7 — 7g].

(1= )V (CF — )

Next, we turn to prove the existence of m*. First, by induction, we can show that

m—1 m—1 m m
G G )7( (m)

co ~ and ¢y’ are decreasing as m increases. We start the iteration

with ¢ and ¢ in step 1. In step 2, as long as n, p, so and |dg|; are large enough,

we obtain 2!

-1
Ggo) = \/ CS—O) + <2\/ 032 — /Ll/\) C5|60|1CS_0) = C\/ 80)\ + O|50|180/\7
22 (C2 + N VOTr [ [0
Ggo) V2(C3 + C5Cy 04 /0 _ & 2\
Then, as |do|150A = 0,(1),

{G§O) V G2>\80 \ Ggo)\/ 50|50’1} = G:()’O)\/ 80‘50‘1.

We derive

3 ~

n — A GOV Garso VG s0l100]l b = Csor/s0][00]1 A

c,, 2ASQ Sol|00||1 S0V S0(|00][1A,
(1—1)/CF — A & 3 }

/(12 2
< i (3(1+IJ’) C2+M1)\G2)\SO+G2)\SO> — (3(1+M) (CQ—I—Ml)\) +1> G2A2

S0,

A / ~ ~ ~
CS_I) :a <(1 + ,M) 022 + [1/1)\6((11) + Ggo)) = CSO)\\/ SOH(SOHI)‘ + C)\\/ 50)\ + C||50H1$0/\2.

Thus, we have c&o) > c&l) and c(T > cT If we assume c& ™ s Co and c > c(TmH),

it is easy to show G(lm) > GgmH) and G3 > GgmH then ¢ > " and ™Y >

£m+2 which means that applying the iteration can tighten up the bounds.

(m+1) m)

We then use proof by contradiction method to show that there exists an m™* such

21C is positive, finite and varies for each term.

29



that {Ggm*) V Gadsg V Gém*)\/so\éoh} = (5 \s0. Suppose for all m > 1, {Gﬁ’"’ V Gém)\/so\éoh}
> GAsg. As GY”‘” and Ggm_l) are decreasing as m increases, and {Ggm) \% Gém)\/so|5o|1}

is bounded, we consider the following two cases:

Case (1): For sufficiently large m, assume G\"™ < G /sold0]1. Let GI™ converge

to G and G > GyAsy. We have

3
o = G/sollfolly = Hr/sololl i/ e/ )
Ca 3V S0(|00||1 = 111V/ So0||00]|[1 Ca cr 7,
(1— /5 — A

1
6\/5(0224-#1)\) 2/CsCh
(1=p)A/C3—m Ak

-1
c® =0y ((1 + 1)\ (CF + A )e + /e + (2\/ 3 — M1>\> C5|50|1C:O>
-1
20471 (1—'—/,6) (0224‘#1)\))\630—'—0;1)\\/0204—0;1 (2\/03? —/,L1>\) C5|50|1)\C?_o

=1 HoAc2® + H3\\/c® + Hy|0g|1 A2,

, then ¢ = H2s0|00]1¢°; and

where H; =

-1

where Hy = C; (1 + ) /(CZ + uN), Hy = C; ' and Hy = C;! (2 2 - MA) Cs.
To solve the above equation system, as n, p are sufficiently large, /C% — py A and

\/C3 + p1 A converge to constants; sol|0][1A and ||dg||; A converge to 0. Therefore,

2

o (ML HA N
1— H1H280|(5|1)\ - H4)‘|5|1

e =Hisoldolic = Op(so[100]l1X°).

Then,

. 1-— C? — 1\
G§/olta] = L1 TR = O, (soldul: V).

Obviously, it leads to contradiction, because ¢ < sypA? and Ggoo)\/soléoh < G)sg.
Case (2): For sufficiently large m, assume GY”) > Ggm)\/so|50|1. Let GY”) converge
to G° and G > GyAsy. We have

3
(1= p)/CF — A

C(OO) = G1

(6% Y
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9 = (4 /(G e + 61
3
= O (14 ) A/ (C2 + juu X +1) g
3

S W

1) A
(304w V(CE + ) ( )1
;! + 1) (24/C2 =) Cs)|do)l Al
4 ( (1_”) CZ— oA 3 M1 5119011
H5)\ +H6|(So| )\C

where Hs and Hg are defined accordingly. Furthermore, as n, p are sufficiently large,

VC2 — A and \/C3 + X\ converge to constants , |dg|; A converges to 0. Therefore,

Hs\ 2 )
o= ([ —20 ) =0,(\?).
CT (1 _H6|50|1/\) OP( )

Then

-1 -1
:( 2 02 m) )\||60||1O5> \/c£°°>+(2,/c§—m) Cs||60]| 1)

= O,(A+ N,

which leads to the contradiction because ¢ < spA2 and G{™ < GaAsq.

~ 2
Finally, Lemma 12 yields ‘ T pll <3G.0%s,. 0

Proof of Theorem 2. The proof follows immediately from Lemma 14 under Assump-
tions 1 to 5. Specially, P(A; N A, NA3NA;NA;) > 1— C(logn)~t. O

7.4 Proofs for the Asymptotic Properties of Nodewise Re-

gression Estimator

The proof is similar to that of Lemma A.9 in the Appendix of Caner and Kock (2018).

Define the following events:
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jE€EHorj+peH €T 00

| Lo, TN ) v oY
B(Ej‘)/ _ {K/(Sjyc(]? 27 7 J> S K (8]-’6077]1‘7]\[7]',7]‘)

~

Lemma 15. Suppose that Assumptions 1-6 hold and that 0(T) #

_C log p
Anode = E - Then

v (—j ~(j )\no e
Brode = { max  sup ’X(_])(T)/U(])/n‘ < MTd}’
0

via (2.4). Set

P (Anode N (mj-&-pGHAg%/) mIB’rwde N (ijHorj+pEHBg%/>) Z 11— C(ZOQTL)_I.

Proof of Lemma 15. We start with A,,pge, max; e sup, oy | X9 (1) 09 /n| o < %
is equivalent to max; ey Max)<j<p—1 SUP ep = D1y XZ-(_j’l) (T)Ui(j) < % Then sort
{Xi, v, Qi}r_ by (Q1, ..., Qy) in ascending order, it is equivalent to max; ey Mmax;<k<y,
maxi<j<p—1 % Zle Xi(fj’l)vl(j ) < % Following directly from the proof of Lemma
5, we obtain that A, holds with probability at least 1 — C'(logn)~!.

Similarly, consider the transpose of =, , in (7.1) and let E}” be the element in the
i-th row and [ — th column of the transpose of =, ,, we can then obtain that B,
holds with probability at least 1 — C'(logn)~.

Next, for each j +p € H, by Lemma 8

(1+co)’s; SUp [[ M~ (7) = Moy 5(m)lee < (1 + CO)%SEE M (7) = M(7)[|oo

< (S, cO,QT, M) < H(Sj,COQ,T, M)

implies that

— K(s;,co, T, M) ;
{1t cofsysup I3 r) = My (1) e < 2 c AY).
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Then we have,

{(1 T co)?ssup | M (r) = M(7)]loe < € MyeperAl).

k(8 co, T, M)}
7T 2
We thus obtain, by Lemma 8, that N, HA holds with probability at least 1 —
C(logn)~! provided that (s, ¢o, T, M) > 0. Similarly, we can show that ﬂjGHorj+p€H]BEv
holds with probability at least 1 — C'(logn) ™.

Therefore, by P(AN B) > 1 — P(A°) — P(BS), we derive

P (Anode N (mj-FpGHAg%/) r_]]:Bgnode N <mj€Horj+p€HB(Ej%/)> Z 11— C’(logn)_l.

]
Lemma 16. Suppose that Assumptions 1-6 hold and set \,oqe = C 105”. Then,
1
maxsup |0,(7) — 0,(r)| =0, ( o8P ) (7.28)
JjeH rer 1
masxsup | O 0,(r) — 6,(r) = ( ) (7.29)
0. =0 7.30
maxsup |0;(7)], b ( (7.30)

~

I / o logp
IjnezE(STléTp 0;(1)%(7) — ¢ = 0, ( " ) (7.31)

Proof of Lemma 16. Given V1 € T and each j € Horj + p € H, (3.6) is a loss func-

tion for linear model, the pointwise oracle inequalities for linear model have been
proved in Theorem 2.4 of van de Geer et al. (2014). Since the uniform oracle in-
equalities only involve the noise conditions A,,,4. and B,,.4., and adaptive restricted
eigenvalue conditions Mj e HA%%/ and NjeHorj4pe H]B%g%/, by Lemma 15, we obtain that

the following results hold uniformly in T and H,

N _ Y= Vs - -
ggjg;ng (7)(7) = X (1) 3 ()| < e CojT M>f Mode  (7.32)
sup max |v;(7) — 7;(7)| ¢ 5, A (7.33)
TG%‘)J'H’EH kN K 1= H(E,CO,T,M)2’ ) node ‘
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with probability at least 1 — (logn)~'.

In line with the inequalities presented in Lemma A.9 in the Appendix of Caner

and Kock (2018), we can thus establish the following set of inequalities:

~ B _ [logp
max, sTlequr) Ai(r) — A;(7) = O, (3\/ - ) (7.34)
~ B slogp
Hhax, sup A4(1) = A4(7)| = Oy ( - ) (7.35)
Jmax, sTlelTp A,(T) = 0, (V3) (7.36)

1
max sup —
j+peH rer Z;(T)

~0,(1) (7.37)

~ 1
max  sup |B;(r) — B;(r)| =0, ng) (7.38)

Jj€Horj+peH LT 1 (S n
~ slogp
B:(r)— B, =0 7.39
jeraX _ Sup i(7) = Bj(7)], = Oy ( ) (7.39)

B;(1)| =0, (V5) (7.40)

N

- Imax sup
JE€Horj+pEH LT

1
a Sup —= =0, (1 7.41
jEHIgrlj-‘,}-ipEH TeTp Z(r)? » (1) ( )

Now consider (2.11) and (3.13),

<
1

Bj(r) — By(r)

masxsup |6;(r) — O(7)

max  Ssupmax {2
je€Horj+pEH T

<

max sup @j(T) —0;(7) ,

JEH T

~

Bj(1) = Bj(7)

2| Bin) = Bi(n)] +

max  supmax {2
je€Horj+peEH T

6;(r)

max sup
JeH reT

< max _supmax {2 ’EJ(T)

1~ jE€Horj+peH LT 1

We thus have proved the first 3 inequalities in Lemma 16.
0,(r)=(r) — e;| . We can show that A(7)

Next, we will bound max;cy sup,
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is an approximate inverse matrix of M(T) Let A\j (1) denote the j-th row of A\(T),
we then have 1/4\](7') = 6’;(7)/2](7')2 Denoting by €; the j-th unit vector, the KKT
conditions imply that

T = Anode
Ty M) -7 < [Fin)] 2 (7.42)
o0 zi(7)
Similarly, we have
5 NT = Anode
Bi(r)N(r) - 8| < |Fs(m)| 22 (7.43)
°° z(1)?
Therefore, we obtain
A v - - M M(r)
. ! _ /A — . _ ) - L _ /‘
e L AR e )] P el
NT Anode

= max sup ‘ [EJ(T)]/\T(T) O} — e’,’ < max sup ’Ej(T)/N(T) -

. : il = ; ;| < max sup =
JEHNJ<p reT oo JEHNF<P T

oo JEHN<p rT %(7)2'

J+pEH LT J ‘oo J+pEH LT

max sup (0;(1)S(r) — €| = max sup [— B;(t) Bj;(t) +ﬁj(7)} [ /Z\W g(ﬂ ] — e

= max sup
j+peH €T

A(nM () - Bi(n)N(r) &M@ -0 @)

Aj(r)M(r) ~ ¢,

< max sup max{
j+peH €T

+|Bi(r)N(r) ~ |

oo

/\node )\node
< max sup —

= j+pEH ret Zi(T)? «§j<7_>2'

7.5 Proofs for Theorem 3
7.5.1 No Threshold Effect

We first prove the case with no threshold effect, i.e. the true model is linear.
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To show that the ratio

_ \/_9(5( T) — o)
\/9’9 (PO (F)g

(7.44)

is asymptotically standard normal. First, by (3.3), we have t = ¢; + to, where

_ ORXFUW g’A(?)
\/g'@ A( \/g’@ ()/

which suffices to show that ¢; is asymptotically standard normal and ¢ = 0,(1).

Lemma 17. Suppose that Assumptions 1, 2, 6 and 7 hold, conditional on events Ay,

Ay, Az, Ay, A5, we have ¢’ A(T) = O, (%) '

Proof of Lemma 17. By Holder’s inequality, Theorem 1, and Lemma 16, we obtain
JAR) < maxldy (3l = ma (8:ABF) - &) Val@(F) - ao) > 1o
J J

< max
1<5<2p

&R (@) — | _vala®) - aoly Y las

JjEH

)\node /\node So \/E IOg p
< C (le(/\) + sz( )> \/_ )\So\/_ O <—\/ﬁ ) .

Lemma 18. Suppose that Assumption 7 hold, then

1N ) x (a> ( *®) 3 3G > _ logp
max 52 <X. D x ZE xOxP) =00 (V=)
max (X(k xOu ) “ME {(X}’“ XZ.(l)Ui> ] ~0, ( °ep > ,
1<k,)i<p|n P n p n
1 & 1 <& Vo
1 )y 3 ® (2 L ®) %O r2]| gp
i, [ XX U -SSP XX ] 0,(¥5E).




Proof of Lemma 18. Under Assumption 7, by applying Lemmas 2 and 3, we can
obtain the results using similar proofs as in Lemmas 5 and 7; therefore, the proof is
omitted. [

Lemma 19. Suppose that Assumptions 1 to 7 hold, conditional on events Ay, A,,
As, Ay and A5, then we have

SOHE (PO g gf@(?)zw(?)@(?)’g] =0, (’w\/;%\/@) '

Proof of Lemma 19. Recall no threshold effect case, we have ¥, (7)

= B[} XL XiA XAV, UF) = Y= X{(7)a(F) = Ui+ Xi(7) a0 — Xi(7)a(7),
S0(7) = L7 Xi(A)Xi(7)Ui(7)?, and define 3,,(7) = 15" | X,(7)X,(7) U2
Then we will follow the proof (part b) of Theorem 2 in Caner and Kock (2018) to
derive our results. First, to prove this lemma, we need to prove the followings, as

(A.62), (A.63) and (A.64) in Caner and Kock (2018),

7O, (F)O(F) g — ¢O(F)S,.(F)OF) g| = 0,(1), (7.45)
7OF)E,(F)OF) g — ¢OF) S, (F)O(7) g| = 0,(1), (7.46)
7O (F)OF) g — ¢ OF) T (F)O(7) g| = 0,(1). (7.47)

To prove (7.45), we write

7OR)T,.(F)O(F) g — ¢O(F),.(7)O(F)g

< [8() (807) - £0ul?) 83| < [76)] 18a(F) ~ BuulPlc

Then we obtain,

£alf) — Eulf) = = 3 (XAXFITAF) - X7 X7V U2)
1 n

=Y (XX (Ui + Xil(7) a0 — X,(7)AF))? — Xi(7) X, (7)U?)

i
=1
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KR XY X P o)+ 3 (X)X PP XY )

3 KU XXX PSR + 5 3 KXo P

-3 KX XA

S XA X 0 X DX (00 - B + 30X PXA) (@) o) X, (PIX(F)A)

By Cauchy-Schwarz inequality and Holder’s inequality

n

IS (XA XOR)0 X (7) (X, (700 — X, (F)A(F)) ‘

max
1<k,I<2p | P
LS (@2 w0 x (B1o 2 x (5 SN
< SN (xPE) x| ) Xi(F)ao)?| X (F)ao — X .
_\mnz( PEXNE) (XiFYao)’ | X Flag - X(RE(E)]
LS (x® 2y x 02\ CTIR
< — SN AX T ) T — Nal(T
<\ 25,0 2 (XAXOE) (g, X000 ) Tl IX o0~ XAGE
LS (v ® 500 |2 SN R B . [logp
<\, 7 2 (XXOXD) Jnli 1@ < DIX@AE) — X Faoll = 0y | ysby =5 |

n

the last equality follows from Lemma 18, and |a(7)|, < |aol, + O, (sm/loﬂ) :

1 X (T)a(T) — X (T)aglln = O, <\/s_0 b%) by Theorem 1, and ||, = O,(so) under

Assumption 1. Also, we have
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n

LS (x9@x06) @ (?y—ag>xi<?>xi<?>'a<?>)|

max
1<k1<2p | 1 —
1 k)~ v () 2\ 2 Ay o 2 RN N
< - ; ; / ) B
ﬁ,?i%;;J HE; (XZ (7) X (r)) @@ X (D)2 XE)aE) — X (7)ol

1<k,l,j<pn 4
=1

SJ ma 13 (XXX [6OR 1@ < DIXFIGE) X Pl =0 (f o )

and

max
1<k,1<2p

n Yoo - Xi(7)a(?) (X F X)) U,

n

<2J max lz (X9X00) 1(Q: < PIXPEE) - Xl = O, (W lo§p> |

T \|1Zki<p n 4
T

We then obtain

Hixu(?) — im(?)Hoo =0, ( 52 loip> |

Therefore,

~

'0(7) (7O (7 @ S0
<
< <Z Igg|1;n£3<§upH@
JEH
- 1ng logp
To prove (7.46), we have

20(7) - ZX e Z B (X el
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We thus derive

(66)-0@)

>g

As | Z00(T)]le = maxi<jp<op F [% S XZ.(’“)(?)X}’)(?)U?}, K(5,¢0, T, Xgn) and

2

k(8,co, T, ®) are bounded under Assumption 7, we obtain

= (la

< hsupmax\@ (1) —0,(1)], =0, (\/EE 1ng> ,

§(7) = ©5(7)

1

(867)-0()'s

8(7) - &5(7)],) <
i(T) Zwylsugrjngf

1

reT JeH n
and
(83) - ©®) 9| =|>"(6,() - 6,(m) lgsl| < max|6,(7) - ©,(m)l, Y Iy,
2 |jeH 9 jeH
1
<\/Esupmax|@ (1) = 0,(n)], = Op (\/% o8P ) :
reT Jjei n
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Furthermore,

IO T (F)O(F) g — ¢ OF) Tu(F)O(F)y]

<@l | (86) - 0()'s| +27(5.c0.T. Zon) | (867) ~ 07)) s

2
<0, <ﬁ5\/105p> L0, (VE 1O§p>:0p (% 10519).

Finally, under Assumption 7 (ii),

%(57 Co, T? @) |g|2
2

7OR) . (F)OF) g — ¢OF) T, (F)O(F)g

U(T)Q(T g
_ log p _ [logp - /logp _ log p
:Op(hs sty 2 >+0p (hsy/ £ >+op<\/% £ ):op (hS\/:g\/ £ )

O
Proof of Theorem 8 in no threshold effect case. Step 1.

Step 1.1) Given that 7y is undefined and unknown in the current setup, it is
90X (nU/n'/?
VIOM)E(1)2u®(7)g
uniformly over 7 € T. Subsequently, for any 7 obtained from (2.4), we need to show

necessary to show the asymptotic standard normality of {(7) =

get t1(7) and t; are asymptotically equivalent.
We will follow the proof (part a) of Theorem 2 in Caner and Kock (2018) to derive
our results. As E(U;|X;) =0 for all i =1, ..., n, we have

Elt)(r)] =E [9’@(7) > iy Xi(r)Us/n/ 2] _o, (7.48)

V9'O(7) 20 (7)O(7)'g

and

o (gem s, Xinum 2\’
E [(tl(T)) } =L < \/g’@(T)E(T)M@(T)/g ) =1

Next, we will apply Lyapounov’s central limit theorem for a sequence of independent

random variables, we thus need to show that for some ¢ > 0,
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m Z?:l E [|g/@(7')XZ.(7-)/Ui/n1/2H 2+¢

0.
oo (g O ()8, (T)O (1) g) T2 ~

Let S(7) = UjenS;(7), then the cardinality sup,.p|S(7)| = 2p A hs. We then have

2+¢]
E [|go@) Xinu 7] < B ||lg0(r)/m'2], max (X0 (r)0;)
jes(r)
e . 2+€_ e . 2+4¢
‘g/@(T n'/? ?Jr max ’Xi(j)(T)Ui < !g'@(r/ 1/2 ? E | max Xi(j)(’/')Ui
jes(r) ] j€S(r)

2+4e 2+¢

< |g/®( /n1/2 2+€ Z ‘XZ(])(’T)U < ’gI@(T)/nl/Q |

JES

1/2|2te Gy [2F
< [g®(r) /'™ (p A h3) max B {Xz- i ]
AU Ot (h5)"*</p OhAT
O (n—/ o B (70) |00, (Tl ) ma B\ (X70) ]

where the first inequality follows from the Holder’s inequality.

E [(Xi(j)Ui>4] < \/E [(Xi(j)>8} E [(Ui)s] is bounded by Cauchy-Schwarz in-

equality under assumption 7 (i). We thus takee =2,% " | F [’g’@(r)Xi(T)Ui/nl/z ﬂ =
0, (@) A O, <(h§—732p> 0p(1) under Assumption 7 (iv)
Next, we show that ¢'O(7)%,,(7)O(7) g is asymptotically bounded away from

zero. We have,

QIG(T)EM(T)@(T)/Q > (3, co, T, Xgu) |g/@<7_)|;

2 (7.49)
Z K(<§7 Co, T, Exu) |g,|2 K“(gv Co, Ta 9)2 = ’i(ga Co, T7 Ea:u)/{(ga Co, T; @)27

which is bounded away from zero since x(8, ¢y, T, X,,) and (5, ¢g, T, @) are bounded
away from zero under Assumption 7 (iv). The Lyapunov condition is thus satisfied.
For V7 € T, t}(7) converges in distribution to a standard normal distribution.

Step 1.2).

Let
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gO(7)X ( )U/n”2 .
\/g’@ 8(F)g

t//

We have

JOFX(FU/M — dOF) X (FYU/n"| <

g (6@ -em)| [XFUm"|,

~0, (ﬂg@’?) 0, (\/@) -0, (f—l‘zi_f)) = 0,(1),

(7.50)
where the first equality holds by conditioning on A;, Ay, A3 and A4 and by Lemma
16, and the last equality holds under Assumption 7 (ii). In addition, we can show

"z 7 (O@XF UM — 8@ X (7)U/n'?)
[t1(7) —ta] = — — — o,(1),
VIR (PBEY g

(Vo8 ).P18()g - FOFIELTION S ) SO (7 U/
\/g’@(?)ixu(?)@(?)’g\/9’9(?)2m(?)@(?)’9
9O(7)E..(7)0(F)'g g’G(?)Em(?)@(ﬂ’g) gOF)X (7)U/n'"

1(7) —t(7)] =

VIOR S (PO (F) /7O, (W@ )20u(F)O(F)g + \/gOF) <?>@<?>'g)

3 IOF)Z,u(F)O(F)g — ¢ O(F) 3 (7)O(7) g g’@(?)X(?)'U/nI/Z

VIORIE IOy TOT S WO (\/48(7) 5P + VTOTIEL IO
p(hﬁ\/@) N

S\/g/é(?)im(?)é(?ygW@(To)zm (\/g’@ g+ TOPD, (?)@(?)’g)

=0,(1)

by Lemma 19. Thus, [t; — t1(7)]| = 0,(1).
Step 2. In addition, we have
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) — g'AT)
VIO(F)E..(7)8(7)g

by Lemma 17. Finally, by Slutsky’s theorem, ¢ = 0,(1) + ¢{(7) A N(0,1). O

= 0y(1)

7.5.2 Fixed Threshold Effect

This subsection proves the case where the threshold effect is well-identified and dis-

continuous. To show that the ratio

_ g(f(A) A) 1)
W@ ), (PO F)g

is asymptotically standard normal. Now, by (3.5), t = t; + to, where

JORX@UMS | GORXF X (m) = X(FYX@)an/n? — gAR)
S8 PR.P8() NV CIGHMGEIGY

Y

which still suffices to show that ¢; is asymptotically standard normal and t; = 0,(1).

Lemma 20. Suppose that Assumptions 1 to 7 hold, conditional on events Ay, Ao,

As, Ay, and A;, then we have ¢ A(T) = O, (M%) )

Proof of Lemma 20. Recall that A(7) = ﬁ((:)(T)fl( ) — [2p> (@(T) — ap) . Then,

by Holder’s inequality, Lemma 16 and Theorem 2, we have,

gAR) < max| A7) Y Igjl < max| (8,(F)() — ¢ ) VA@EEF) —a0)| Y_las

jeH jeEH

0,(AX(7) — ¢, _Vnla() ) —aoly Y lgl

JjEH

< max
1<5<2p

)\’I’LO € A7’LO € hl
<o [ dute | Dnoie | oyl o (S ogr)
50 2@ v

]

The result of Lemma 20 is similar to that of Lemma 17 but is derived under

different conditions.
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Lemma 21. Suppose that Assumptions 1 to 7 hold and let g be 2p x 1 vector satisfying

lgla = 1. Then, conditional on events Ay, A, Az, Ay, and As, we have

4 (66)-6()| =0, (m gy )

Proof of Lemma 21. As @); is continuously distributed and E HXi(j)Xi(l)‘ Qi = T] is
continuous and bounded in a neighborhood of 7y, such that conditions for Lemma
A.1 in Hansen (2000) hold. Then, we have

IS() ~ BE)lle = oo M) M
: Tl M) - ME) M(n) - M)

<M (1) — M(7)||oo = max E HX}” 1(Q; < 70) — 1(Q; < ?)|]

1<4,1<p

<Cln-7=0, (—(logf )SO)

o0

where the last inequality is by Lemma A.1 in Hansen (2000) and the last equality is

due to Theorem 2. Next, consider
10,(7) — ©,(10)], = |8;(7) (Z,(10) — (7)) ©;(m0) |,
<10, (Z;(r0) = (7)) 6;(m0) | < [€; @110 (o)1 (Z5(r0) — (7)) . -

Then, by Lemma 16, we obtain

9 (©F) = ©(m))l, =Y (19118;(7) — 6;(n)lh) < ZlgylmaXIG (7) = ©;(n)ly

JjEH JjEH

~\\/ 3 1
<Vhmax |6, (r)|, max [0,(ro), | (Z5(70) — 57))'|, = O, (ﬁ Ofp)'
J

(7.52)
We thus have,
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<> 95/ max [0,(7) = ,(7)] + 2 Iy sup [€4(7) — ©,(m)|, + 3 los |8 (70) — ©5(r)|
JjeEH JjeEH
1 1 1
o (41 T58) 0 () o, (5
n n n
as s94/ %2 = 0,(1) under Assumption 1. O

Lemma 22. Suppose that Assumptions 1 to 7 hold, conditional on events Ay, Ao,
As, Ay, and As, then we have

JO()(X (7) X (r) = X(7) X (F))ao/n*?| = 0, (%) .

Proof of Lemma 22. There are only two cases for X (7) X (19): X (7) X (10) = X (10)' X (70)
or X(7)'X (1) = X (7)' X(7), thus.

§O(7) (X (7) X (r0) — X (7) X (7)) aa/n'"
<V Yol [0,67)] “0 Min) - M(?)()][ﬂo i)

0 M(mln{’Tg,T})
<\/_max‘ ) Z|9]

o0

) = M(7)| o],
Then we have

HM\(TO)—M(?)H < max

[e'e) 1<5,l<p

nZX”)X (Qi <70) —1(Qs <7)]

ZX”X” (Qi < 70) = 1(Q: < 7)]

So log P
n Y

< max sup
LGP |1 —19|<|70—7]

<Cs|ro —7| =0, (

where the last equality follows from Assumption 4, and we know that sup,
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@j(']—)‘l = 0,(v/3) by Lemma 16, we thus obtain,

9O (X ()X (1) ~ X (7 X (F)ao/n"?| < Vivmax [8,7)] 3o

1 hsl 2V hsl
S \/EOp<\/h_§)Op (SO sgp) |50|1 - Op <|50|1SO\/E ng> - Op (30\/_8—ng> .

Vi Vi
O

Lemma 23. Suppose that Assumptions 1 to 7 hold, conditional on events Ay, Ao,
As, Ay, and A5, then we have

7OF)E,.(F)OF) g — g/@(?)zm(?)@(?)’g\ =0, (hé\/;%\/ 10513) :

Proof of Lemma 23. Recall the fixed threshold effect case, we have ¥,,(T) =
E[L3L Xi(FX,FYU], UF) =Y = Xi(7)a(7) = Ui + Xi(n) a0 — Xi(7)a(7),
S0(®) = L7 Xi(A)Xi(R)Ti(7)?, and define B(7),, = 15" X,(7)X,(7) U2

= ﬁ i

We first need to prove the followings, as in Lemma 19,

7O S, (F)OF) g — ¢OF)E,(F)O(F) g| = 0,(1), (7.53)
JOR)E,.(F)O(F) g — ¢O(F) S, (F)OF) g| = 0,(1), (7.54)
7O(F) 2 (F)OF) g — ¢OF) S0 (F)O(F) g| = 0,(1). (7.55)

Proving (7.53) is similar to proving (7.45); the difference is

BalF) — Bual) =+ 3 (XX THE) - X (F)X(7 V)
1 n

7

M () - M(P)|| 5ol



n

- Y (X)X (7)a(7) X (7) (Xi(7)@(F) — Xi(ro) )

4237 (X)X ) Ui (0 Xifro) — A7) Xi(7)).

given that o X,;(70) X;(7) a(T) = a/(7) X:(T) X (10) .
By Cauchy-Schwarz inequality and Holder’s inequality

n

1 (k) = ()~ 1 , SN
1o n Zl <Xi (7) X, (7) g Xi(70) (Xi(10) g — X(7) 04(7))
1 — N N2 R
R\ 2 (xPHXO@) (XKoo X () a0 - XPEE)],
<

LS () @0 ) (k) Lo A
\13%1752(& AX@) ((max XP @) JaolIX (r)ao - XFa@),

=1

n

1 AN\ 2
(k) v (1) v () 2 ~ A~
1<1’]£1JE?]X< n E (X,L Xz X,L > |050’11(Q7, < 70)1(@1 < 7)HX(7)0£(7> X(?())Oé()”n

i=1
log p

the last equality follows from Lemma 18, and |a(7)|, < |aol; + O, (30\/10%) :

1 X (T)a(T) — X (T)aolln = O, (\/s_o b%) by Theorem 2, and ||, = O,(so) under

Assumption 1. Also, we have

max
1<k,1<2p

< max [ (XUEXCE) @AXEIXEAE) - X@eoll

T 1<k,1<2p
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1<k,l,i<p n

o).

and

<J max lZ(X“”X“)d ) @R L@ < DIXFEE) - X Faoll

n

23" (Klmyan - X, (7a@) (XX v

i=1

max
1<k,l<2p

n

QJ max © 3 (XIX00) 1@ < PIXPEE) - X (ol =0, (W o )

1<Ekl<pn :
[£07) - 2e®)]|_ =0, (ﬁ%@) -

IO Z.(7)O(F) g — ¢ O(F) . (F)O(F)g

o () (2)

Proving (7.54) and (7.55) is the same as deriving (7.46) and (7.47) in Lemma 19. [

We then obtain

Therefore,

Lemma 24. Suppose that Assumptions 1 to 7 hold, conditional on events Ay, Ag,
As, Ay, and A5, then

IOF)Zu(P)OF)'g — ¢'O(70)Suu(10)O(70) 9| = 0,(1):

Proof of Lemma 2. To prove this lemma, we require to prove the following,

9'0(7)Z:u(7)O(7)'g — g'O(70)Zru(7)O(7) g (7.56)
19'0(70) 22 (7)O(7)'g — g'O(70) Zu (7)O(70) g1 (7.57)
19'0(10) 0 (F)O(70)' g — ¢'O(10) 0 (10)O(70) g (7.58)

Firstly, we prove (7.56). Since ©(7) is symmetric, |©(7) g1 = [¢'©(T)|;. Additionally,
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|224(7)|| s is bounded under Assumption 1. Combining these with (7.52), we obtain

9OF)Zu(F)O(F) g — 'O (1) B0u(F)O(F) 9| < |g' (O(F) — O(70)) [1| S (F)O(7) gl
<lg' (©(7) = (1)) i[|Zeu () | l9OF), = O, (@gsol‘)gf’) 0,(Viz) =0, (h@%bgp) |

n n

To prove (7.57), as |¢ (©(F) — O(1)) |1 = | (O(F) — O(7y)) g1, we derive

19'©(70)0u(T)O(7) g — ¢'O(70) X0 (7)O(10) 9| < 19'O(70) 1 [|Z0us(F) || (B(F) — ©(70)) gl
~0, (h\/?so 10519 ) .

To prove (7.58), we write

1 — N N ] —
szi(T)Xé(T)Ui EZ;XZ(TO)X{(TU)U?]

S XAXIE) =Y XZ-<TO>X;<TO>] max B [u] = B [M(7) - V()| max B o]

o~ o~

Since we have H(M(/T\) —M(n)|| =0, (soloffp) , we obtain,

19'O(70)Z2u(T)O(70) g — §'O(70) X (70)O(70) 9| < |9'O(70) (Zau(T) — zu(70)) O(70) g

/ A~ _ 10 _ 10
< ORIE(F) = Ea) = O, (15) 0, (22 ) =0, (k2L ).

Therefore, we have

! ~ ~ ~\/ / ’ — lo _ lo
/OISO — OOV s] = 0, (1WFsr 2L ) 10, (s L )

=0, (h\/s_330 > . ”

log p
n

By Lemma 23, we obtain
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19'O(F) .. (F)O(F) g — ¢'O(10) S (10)O(10) 9| = ( \/’\/E> Lo, (h\/—sologp)

— [logp
=0, <h ses3 - )

Proof of Theorem 3 in the fixed threshold effect case. Step 1.
This step is the same as Step 1 in the proof of Theorem 3 for the no-threshold case,

implying that in the fixed-threshold case, [t; — t}(7)| = 0,(1), where }(7) converges
in distribution to a standard normal distribution.
Step 2. By Lemma 20 and 22,

. 9OF)(X(7)X (1) — X(7) X (7)ao/n'/? — §AF) _ 0,(1).

VIO S (7O (g

Finally, by Slutsky’s theorem,

t=o0,(1) +t(7) % N(0,1).

Additionally, Lemma 24 implies that SUD, 4 (50) O(F)E,u(F)O(F) — O(70)u(70)O(70)’
0

= 0,(1). O

7.6 Proof of Theorem 4

Proof of Theorem 4. We will follow the proof of Theorem 3 in Caner and Kock (2018).
For € > 0, define the following events

Fin = { sup |gAT)] < 5},

ap€Be, (s0)

Fon = sup
ap€By (s0) g



Fan = { sup |g’(:)(?)X(/T\)’U/nl/2 — g'@(?)X(?)'U/n1/2| < 5} ,

ao€By (s0)

Fian = sup  |gOF) (X (F) X () — X (7) X (7))ag/n"/?| < e
a0 €A (s0)

By Lemma 17 (and 20), Lemma 19 (and 23), (7.50) from Step 1.2 in the proof of
Theorem 3 in no threshold effect case, and Lemma 22, respectively, we obtain that

the probabilities of these sets all approach one. Thus, for each t € R, we have

{ Vg @) = a)

VoS00 ‘}_M

B O PCIGE <T>U//n1/2—g'A<A>+gé< (X <> <m>—X<?>/X<?)>ao/nl/2<t
\/(]’G) Y C:) B
R { JORXFIU/ — fAR) _ t} o)
V7O, (A8

<P {0 # 0}

P y'@(?)X(?)’U//nl/?—g’A(A)Jrg’@( )( A( )X () = X' X (@)ao/n'? _ o)
VIORE..(FOF
{g’@(?)X(?)’U/nW —yAG) _ t} ot
VIO S, (7)0(F)g
(7.59)
where P {0y = 0} + P{dy # 0} = 1. Firstly, we consider the second term in the last
inequality of (7.59), we write

+P {5 =0} |P

o ] IOAX @ U — g AR
W@ )50 (F)O(F)g
O(7) X <?>'U/ V2 g A(R)

A~ ~

7O(F)Z.(P)O(7)g

<ty —d()

IN
~

S t7]:1,n7]:2,naf3,n _¢<t) +P{]:lc,n U]:20,n U]:g,n} .

(7.60)

As ¢'O(T)X,.(T)O(T)'g is bounded away from zero, there exists a positive constant
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D, such that

'O(F) X (F)U/n'/? — g A7)

—~

S 267~F‘1,n7-F.Q,'n?‘Fé,n

/@)AXA/ 1/2 _ oA 'Q ixu’\é\)’\/
_p ) SODX@ UM g @a<th<) D00y 5 p
VIO(F)Zeu(7)O(7)'g 9O(7T) % (T)O(7)
'@ (2 Y (5 1/2
<p] LOOXEOUMT_ 1y R
VIO ). (T)8(7)y V9O, (T)0(7)y
'Q (A X(7 1/2
<p{ 2 (TA) (T)Ej/nA <t(l+¢)+ Die
\/Q/G(T)ZM(T)6<T>,9
<O(t(1+¢€)+ Die) + ¢,
(7.61)
where the last inequality is derived from the proof of Theorem 3, in which we estab-

() X' (7)U/n'/?
\/ ’9(?)Ezu(?)@( )'g
the last inequality in (7.61) do not depend on «g, we obtain

lished the asymptotic normality of . Since the right-hand sides in

Q) (= N/ 1/2 _ JA(S
B g@({fﬂgm G
a0 €By, (s0) \/g o(7) 7)O(7)g

(7.62)

The above arguments hold for all ¢ > 0. By the continuity of ®(-), for any n > 0, we

can choose ¢ to be sufficiently small and derive that

'Q (= N\ 1/2 _ JAF
o B g@({fﬂgm G
ao€By, (s0) \/9@ 7- @)( )

S tafl,nva,n7~F3,n S @(t) +77+5

(7.63)

Next, as ¢’'O(7)X,.(T)O(T)'g is bounded away from zero, there exists a positive

constant Dy such that

83

< t? fl,naf2,n7f3,n < q)(t<1 + 5) + D1€) +e



JOR)X(F)U/n'? — ¢ A7)
907, (7)O(7)g

'® /\ 1/2 _ Q) (=) $ Q=)
{9 XU G20 | [IOOEONs 5, 5, 7,
(7) T T)g

S tafl,naf2,n7~7:3,n

¢ «(T)O(T)g 9O(T)X,u(
1/2
Z]P) ( U/n/\ St(l_g) - A€+€,\ — 7F1,n7f2,n7f3,n
\/9’9 Exu GLIGY VIOM)E..(T)OT)yg
X 1/2
>P (D)U/n <t(l—e¢)— DQe} +P{Fi.NFonNFs,} —1

\/9’9 (7)22u(T)O(7) g

1—5 D25 _€+P{F1,nmf2,nﬂf37n}_1a
(7.64)
JOMX @) U2
\/Q,@ Exu 6( )/g
AsP{Fi, N Fan N Fs,} can arbitrarily approach to one by choosing n sufficiently

where the last inequality is from the asymptotic normality of

large and e sufficiently small, meanwhile, the right-hand sides in the last inequality

in (7.64) do not depend on «y, we have

o pleeex <?>'U/n1/2—g'A<?>

S s = <t, Fin, Fon, Fan ¢ > Pt(l —¢) — Dye) —e.
ao€By, (s0) \/g O(7) P)O(7)g

(7.65)

By the continuity of ®(-), for any n > 0, we can choose € to be sufficiently small

and obtain
'R X! (7 12 _ JA(F
inf P 98() — (T>/[\]/n — gAr) <t,Fin, Fon, Fan p > P(t) — 1 — 2¢.
B GRVACIC SEMCEICT

(7.66)

Combining (7.63) and (7.66), and SUDay ey, (so) {Fi, UFs, UFs, } — 0, we thus

derive
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sup Vg (a(A) _f‘)) <ty —d(t) >0 (7.67)
aoGA”so VIO, (7187

We now consider the first term in the last inequality of (7.59) and write

> ) - X(7) X (F)ao/n' _ t} — (1)

p ) IODX @)U/ — g AG) +gOF >( G
\/g’® 5 @
g'@(ﬂX(?)'U//nWw'A(v)+g®<r>< 7y X (m%X(?)'X(?))ao/nl/? \/.q'@ﬁ)i NGEIGY i
P{ VIO %,.(7)07) g S e Eameyy Tt T Fan f“"} 2()

+P {]:f,n U ]:‘;,n U ]:g,n U ]:Z,n} .
(7.68)

<

As ¢O(T)X(7),,O(7) g is bounded away from zero, there exists a positive D3 such
that

p ) SODXFU//n' — ¢ AF) + g'ér)(X(?)'X(m) — XEYX(F)ag/n'’? t\/ 7ONSnNIONY £ £ F F
V9O M)E,.(7)0(7)y Tou(7)© s e

<IF’{ g7 X' (F)U/n'/? <11+ et+ete }

- WVeemE.L(med)y \/g’@ 7)0(7)g

'Q (A X(7 nl/?
<P{\/q/®®( )));( ()g/ GF, t(1+e)+D35}
<P(t(1+¢e)+ D3e) +¢.
(7.69)

Thus, for any n > 0, we can choose ¢ to be sufficiently small and derive that

sup
aueAEE)(so)

P { JOEX(F)U/n'" ~ AR + dOOX ) X () = X O X Do/’ _ 2 }
VIOR)E.(7)8()g
< @(t) +n+e,

(7.70)
by similar arguments of obtaining (7.63).

Next, as ¢O(7)X(7).O(7)'g is bounded away from zero, there exists a positive

constant Dy,
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p | IORX @)U/ 0 — g AG) + <><X<T>/ (70 >—X<?>’X<?>)ao/n1/2<t\/gfé<?>i W(P)OF)y
We w(T)OF)g ~ N re@.med

p { JOF)X'(7)U/n'/? - 3¢

]:1n ]:2n ]:3n F-/ln}

Vrerm.mers )T Jrerm.amer
p { ORF)X'(A)U/n'/
\/q/@ 7) 2 (T)O(T)'g
(7.71)
As the right-hand sides in the last inequality in (7.71) do not depend on «ay, and

1-7:1‘71:]:2‘717-7:3,71:]:4,71}

<t(1+E)D4E} +P{]“1‘nﬂfzvnﬁfgynﬂf&n}*1.

P{F, N FaonNFsnNFun} can be arbitrarily close to one by choosing n sufficiently

large and ¢ sufficiently small, we have

W pl IODX@UM - gAR) +9O(F) (X ?)'X( 0) — X(7)X(7))ao/n'/
a0€A® (50) V70F)S(7)..0(7

pl 90X wU/m L
T VIO (r)m® )y ! ‘

(7.72)
Thus, for any 1 > 0, we can choose ¢ to be sufficiently small and derive

S t~, fl,n7f271z7~/—_-3,n7]:4,n}

- { FORX MU/ =~ gARF) + gOF)XFY X (r) = XA/ X (Faa/' _, 7 7 7 f}
20 (o0 VIORE().O¢)
> P(t) —n — 2e.

(7.73)

by similar arguments of obtaining (7.66).
Combining (7.70) and (7.73), and sup |

0, we thus derive

OeAé(Q)) (50) ]P) {fin U f‘in U fgvn U fgvn U f’?’n} —

. wv«u>—gw _
aoeA§§><so> VIORE(7),.0(7)g

Therefore, for (7.59), we have

wpp.mwww

5 <tp—d(t)| —0. (7.75)
0406320 50) \/g/@ ( ( )/g

To obtain (3.19), we write
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(7.76)
Thus, taking the supremum over By, (sg) and letting n go to infinity yields (3.19) by
(3.18).

Finally, to prove (3.20), let g = e; and as @uax(O(7))) = 1/Pmin(X(7)), for 7 € T,
we derive

sup diam [a@ (T) — z1-a/2 Uj}%) A (F) 4 21 a2 gj(;)]

a0€By, (50) Vn
= sup 25'J (?)Zl_a/g/\/ﬁ
aoEB[O(So)
(7.77)
=2 sup \/e;e)(?)zw(?)@(?yej +0p(1) | Z1—ap2/V/
aoEBgO(SO)
1
<2 gbmaxzxu?—/\"}_O 1)Z—a \/_201\/57
( ( ( ))Cbmm(z('r)) p( ) 1 /2/ p( / )
the last equality is due to the boundedness of ¢ ax (X, (7)) and ¢min(3(7)) under
Assumptions 2 and 7. O

8 Appendix B

8.1 Proofs for Section 4.1

We first recall the definitions of Near-Epoch Dependence and Mixingale from David-
son (2002), as formulated in Adamek et al. (2023).

Definition 8.1 (Near-Epoch Dependence, Davidson (2002), ch. 18). Suppose that

there exist non-negative NED constants {c¢; }3° an NED sequence {tp,}o2, such

i=—00"
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that ¢, — 0 as ¢ — oo, and a (possibly vector-valued) stochastic sequence {s;}5°_

with F,~ Hq = 0{8i_q, -, 8i1q}, such that {F,_. l+q}o<>0 is an increasing sequence of
o-fields. Forp > 0, the random variable {X;}°__ is L,-NED on s; if

1=—00

P} ) 1/p < ety

for all i and ¢ > 0. Furthermore, we say {X;} is L,-NED of size —d on s; if
Y, = O(q~47°) for some € > 0.

ClEECa)

Definition 8.2 (Mixingale, Davidson (2002), ch. 17). Suppose that there exist non-

negative mizingale constants {c¢;}3° _ . and mizingale sequence {wq};‘;o such that vy, —

0 asq — o0o. Forp > 1, the random variable { X;}5°
to the o-algebra {F;}2

is an L,-mizingale with respect

1=—00

(E[E GIF—) PP < ety

(E[1Xi — E (Xi| Fieg) D' < cithy,

for all i and ¢ > 0. Furthermore, we say {X;} is an L,-mizingale of size —d with
respect to {F;} if v, = O(q~%) for some e > 0. The same notation for the constants
¢ and sequence 1, used in near-epoch dependence applies, due to the same role in

both types of dependence.
We also recall the properties of NED and mixingale sequences from Davidson (2002).

Lemma 25. Let {X;}2

—b on a sequence {s;} for 1 < p < r with non-negative constants {c;}2_ ., if {s;} is

be an L,-bounded sequence, forr > 1 and L,-NED of size

a-mizing of size —a and p < r, then {X; — E[X;],F"} is an L,- mizingale of size
—min{b,a(1/p — 1/r)} with constants ¢; < max{c}, | X;|,}.
This Lemma is from Theorem 18.6 (i) of Davidson (2002).

Lemma 26. Let X; and Y; be L,-NED on a sequence s; of respective sizes —d; and
—dy. Then X; +Y; is L,-NED of size —min{d,, d»}.

This Lemma is from Theorem 18.8 of Davidson (2002).

Lemma 27. Let X; and Y; be L,-NED on a sequence s; with p > 2 of respective sizes
—dy and —dy. Then X;Y; is Lyo-NED of size —min{d,, ds}.
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This Lemma is from Theorem 18.9 of Davidson (2002).
Due to the existence of the non-zero parameters, we define the weak sparsity index

set
Sx:={j:|B)] > A} with cardinality |S,], (8.1)

for A > 0, and its complement set S§ = {1,..., N} \ Sh.

Lemma 28. Suppose that Assumptions 8, 9 and 10 hold, and assume that

m— (2+m27 ) l+mrﬁ
0<r<1: A>Clu(ln(n) @i |5, (L (4+7t)

(3 (8.2)

T = 0 . So S Cln(ln(n))_dm+m—1

wnos | /0 ]

pl/m
A Z Oh’l(ln(n))l/mT,
n

For C > 0, with probability at least 1 — C'ln(In(n))~t, we have

1 0| <« A
_§( x| <2
1252 i<hen — WX S 4’
and
1 — ] — C
— XX - = ElX, X! < —
SRRl Iy
1= 1= )

This Lemma is from Theorem 1 of Adamek et al. (2023), serving as the concen-

tration inequality for dependent data.

Lemma 29. Let {X;, F;} be an L™ mizingale for some v > 1 and ) 72 1, < oc.
Assume that E[X;] = 0. Define Sy = Zle X;. Then there exists a positive constant
C' such that

n 1/2
< 2
legggnlsklllr_C(ZCz) ,

i=1

where || X;||, = (E|X;|")"".
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This mixingale concentration inequality directly follows from Lemma 2 in Hansen
(1991).

Proof of Theorem 5. The proof of Theorem 5 is similar to those of Theorems 1 and 2.
We now apply the concentration inequality from Lemma 29, combined with Triplex
inequality (Jiang (2009)), similarly to the proof of Lemma A.3 in Adamek et al. (2023),
as a time series analogu of Lemma 2. Additionally, we use the concentration inequality
from Lemma 29, combined with Markov’s inequality, similarly to the proof of Lemma
A.4in Adamek et al. (2023), as a time series analogu Lemma 3. Meanwhile, we obtain
that {XZ-(j )UZ-} and Xi(j )Xi(l) - F [Xi(j )Xi(l)} are L,,-Mixingale sequences with respect
to Fi = o{W;,W,_4, ...}, following Lemma A.1 and Lemma A.2 in Adamek et al.
(2023) under Lemmas 25, 26 and 27. Furthermore, the proof of Lemma 28 follows
from that of Theorem 1 in Adamek et al. (2023). With the additional Assumptions 3
and 4 for the well-defined threshold effect, we can thus establish the oracle inequalities
in Theorem 5. O

Proof of Theorem 6. With the condition s,?f,/n%axlogp/ v/n — 0, we can obtain
gOF) (X (7) X (1) — X (7) X (F)ao/n'"?| = 0, (1)

by Lemma 22. Then, based on the oracle inequalities in Theorem 5, and combing the
proof of Theorem 3 with the proof of Theorem 2 in Adamek et al. (2023), we thus

establish the asymptotic normality of the debiased estimator. O]

Proofs of Theorem 7 and Theorem 8. We can prove Theorem 7 by combiing the proof
of Theorem 3 with that of Theorem 3 in Adamek et al. (2023). Additionally, we can
prove Theorem 8 by combining the proof of Theorem 4 with Corollary 2 in Adamek
et al. (2023). O
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